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Abstract 



The Finslerian unit ball is called the Finsleroid if the covering indicatrix is a space 
of constant curvature. We prove that Finsler spaces with such indicatrices possess the 
remarkable property that the tangent spaces are conformally fiat with the conformal 
factor of the power dependence on the Finsler metric function. It is amazing but the 
fact that in such spaces the notion of the two-vector angle defined by the geodesic arc 
on the indicatrix can readily be induced from the Riemannian space obtained upon the 
conformal transformation, which opens up the straightforward way to induce also the 
connection coefficients and the concomitant curvature tensor. Thus, we are successfully 
inducing the Levi-Civita connection from the Riemannian space into the Finsleroid space, 
obtaining the isometric connection. The resultant connection coefficients are not symmet- 
ric. However, the metricity condition holds fine, that is, the produced covariant derivative 
of the Finsleroid metric tensor vanishes identically. The particular case underlined by the 
axial Finsleroid of the J^J^^^-type is exphcitly evaluated in detail. 

Keywords: Finsler metrics, connection, curvature, conformal properties. 
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1. Introduction and motivation 

What matter makes the Levi-Civita connection canonical in the Riemannian geom- 
etry? The angle-parallehsm property is the matter, namely that the angle of two vectors 
is left unchanged under the parallel transportation of the vectors with that connection. 
Can the property be put ahead also in the Finsler geometry? 

In any tangent space T^M of a given Finsler space JF^ introduced on an A^- 
dimensional differentiable manifold M of points x G M, the angle aFinsierian(a;, 2/2) 
between two tangent vectors yi,y2 £ T^M can be defined by means of length of the 
respective geodesic arc A{x, Zi, I2) which joins the intersection points of the directions of 
vectors yi,y2 G T^M with the indicatrix C T^M supported by the point x E M and 
belongs to the indicatrix; li = yi/F{x, yi) and I2 = y2/F{x, 1/2) are respective unit vectors, 
and F denotes the Finsler metric function of the space J-''^ . With such an angle, it can 
be hoped to prolong the Levi-Civita connection from the Riemannian geometry to the 
Finsler geometry to arrive at the Finsler notion of the parallel connection with just the 
same meaning as the connection notion that faces us in the Riemannian geometry. Namely, 
the parallel connection operates such that under the parallel transportation generated by 
the connection the vectors 1/1,2/2 G T^M are transported in the parallel way and the length 
of the arc A{x, h, I2) does not change. However, the hard analytical difficulties can arise 
that the dependence of Q;Finsierian(2^, yi, 2/2) on yi, 2/2 cannot be written in an explicit form, 
except for (rare?) particular cases of the space J^^ . The desired prolongation may exist 
but not be explicit! Various interesting investigations of the connection and angle can be 
found in the Finsler geometry literature (see, for example, [1-9]). 

Below, we come to the Finsleroid-produced parallel transports which do not change 
neither the norms of vectors nor the Finsleroid-produced angles between vectors. There- 
fore, they are isometric: the produced displacements of the tangent spaces along curves 
of the underlined manifold M are isometrics. In particular, they keep the Finsleroid indi- 
catrices into the Finsleroid indicatrices. At the same time, in contrast to the Levi-Civita 
connection of the Riemannian geometry, the Finsleroid-produced parallel transports are 
not linear in general, namely, the connection coefficients processing that transports depend 
on tangent vectors y E M m a, nonlinear way, except for possible particular cases. The 
entailed connection coefficients are not constructive from the Finslerian metric tensor and 
the first derivatives of the tensor — they are obtained from the parallel transportation of 
the two- vector angle. 

We shall construct the angle with the help of the indicatrix arcs as follows. 

The embedded position of the indicatrix C T^M in the tangent Riemannian space 
{TxM, g^^^{x, y)} (where g^^^{x, y) denotes the Finslerian metric tensor with x considered 
fixed and y used as being the variable) induces the Riemannian metric on the indicatrix 
through the well-known method (see, e.g.. Section 5.8 in [1]) and in this sense makes the 
indicatrix a Riemannian space. Let Ux be a simply connected and geodesically complete 
region on the indicatrix supported by a point x G M. Any point pair ui,U2 G Ux can be 
joined by the respective arc A{x, li, I2) C of the Riemannian geodesic line drawn on Ux- 
By identifying the length of the arc with the angle notion we arrive at the geodesic-arc 
angle a{x]{yi-,y2)-, where 2/1,1/2 G TxM are two vectors issuing from the origin G T^M 
and possessing the property that their direction rays O2/1 and O2/2 intersect the indicatrix 
at the point pair ui,U2 G Ux- Denoting the respective Riemannian length of the geodesic 
arc ^(x, Zi, I2) by s, we obtain 

a{x}{yi,y2) = s- (1.1) 
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With this angle notion, we can naturally introduce the scalar product: 

< 1/1,1/2 >{x}= F{x,yi)F{x,y2)a{^y{yi,y2). 

We may use geodesic-arc angle to construct the geodesic-arc sector S^x}{h,h) C 
T^M, where li,l2 G T^M are two unit vectors issued from the origin e T^M (and pointed 
to the indicatrix). The sector said is the surface swept by the unit vector I e T^M when 
its end runs along the geodesic arc from the point ui to the point 1*2- 

Let us call the arc-curve joining the end points ui and U2 of the sector the arc-side of 
the sector. When a point moves along an arc-side parameterized by the geodesic length 
s, we obviously have 

{dsf = gmndrdr, (1.2) 

which can be written as 

dl^dl^ 

9ni7i-j 1- = 1- (1-3) 

as as 

Each sector »S{j;}(ii, I2) can naturally be coordinatized by the pair z^, with 

= F, ^2 = s, (1.4) 

where F is the value of the Finslerian metric function, and s is the length of the geodesic 
arc which goes from the ray direction of the left vector li to the consideration point. Let us 
consider the embedding y — y{z^, z^) of the sector S^x}{h, h) in the tangent Riemannian 
space {Ta-M, g^^^{x, y)}. Projecting the tensor g^^^ on the sector gives rise to the intrinsic 
metric tensor, to be denoted by ig. The tensor ig has the components: {in, ii2 = ^21,^22}- 
In terms of a local coordinate system {x™}, we have y"^ = y"^{z^, z^) and 

ill = 9mnyTyi: ii2 = gmnyTy2: i22 = gmny^y2^ (1-5) 

where = dy^jdz^ and y^ = dy"^/dz'^, and gmn are the Finslerian metric tensor 
components. The equality y"* = Fl"^ just entails that yj" = and, therefore, in — 1. 
Also, ImyT — (because 1^ is the gradient vector dF/dy"^ and F is independent of 
s), which makes us conclude that iu = 0. Finally, noting that in the case of an arc 
intersecting the ray at the distance F from the origin G T^M the equality (1.3) must 
be modified to read F^gmn{dy™'/ds){dy"'/ds) = 1, we arrive at gmnyTy2 = 1- 

Thus we have observed that the coordinates (1.4) introduce the orthogonal coordinate 
system on the geodesic-arc sectors and the intrinsic metric tensor of the geodesic-arc sector 
is Euclidean: 

in = 1, ii2 = 0, i22 = 1- (1-6) 

In this sense, each geodesic-arc sector is a Euclidean space. 

This observation just entails that in any Finsler space the area ||5{a;}(/i, /2)|| of the 
geodesic-arc sector is presented by the formula 

||<5{a,}(ii,^2)|| = ^ {a{^}{yi,y2)Y (1.7) 

which is faithfully valid in all the Riemannian as well as Finslerian spaces. 

Our underlined idea is to use the geodesic-arc angle to generate the notion of the 
angle-preserving connection. We shall always assume that the connection is metrical. 
Each respective Finsleroid-produced parallel transport along a curve of the underlined 
manifold M is an isometry for the involved angles and, therefore, for the involved geodesic- 
arc sectors. 
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We shall develop the idea by specifying the Finsler space as follows. 

If an A^-dimensional Finsler space JF-^ is such that the indicatrices of the space possess 
the property of constant curvature (with respect to the Riemannian metric induced from 
the tangent Riemannian space {T^M, g^^^{x, y)}),we call the Finsleroid- Finsler space, 
denote the fundamental metric function of the space by 

K = K{x,y), (1.8) 

and apply the following definitions. 

Definition. Within any tangent space T^M, the metric function K{x, y) produces 
the Finsleroid 

:= {y e : y G T.M, K{x, y) < 1}. (1.9) 

Definition. The Finsleroid Indicatrix 

J^{,}C T,M (1.10) 
is the boundary dJ^^^} of the Finsleroid, that is, 

:= {y e XJ^^,} : y G T,M, K{x, y) = 1}. (1.11) 

The strong convexity and the positive homogeneity are assumed. 

Let us also assume that the manifold M can be endowed with a Riemannian metric 
tensor, amn{x) in terms of local coordinates {x^}. Then in addition to the Finsleroid 
indicatrix (1.11) we can bring to consideration the sphere obtainable from the associated 
Riemannian space 

7^^: ={M,amn{x)}, (1.12) 

in accordance with 

Definition. The sphere 

C T,M (1.13) 

is defined by 

S{,} := {y e S{,} : y e T^M, a^„(x)rt" = 1}. (1.14) 

Our input stipulation is that the Finsler space be conformally isomorphic to the 
Riemannian space: 

:^^ = x•7^^ (1.15) 

in accordance with see (2.1)-(2.3). We shall see that such Finsler spaces are the Finsleroid- 
type spaces. 

In Section 2 the basic theorems are sketched to enlighten the numerous remarkable 
properties which are shown by such Finsler spaces. It proves that the ^-transformation 
(1.15) must involve the conformal factor which is of a power dependence on the Finsler 
metric function, as shown by (2.5). In such Finsler spaces JF^, we have universally the 
ratio 



Area of the Finsleroid geodesic-arc sector 



Area of the Riemannian geodesic-arc sector 
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(at any admissible data of the leg- vectors 1/1,1/2 of the sector), where the denominator 
relates to the space TZ^ and h?{x) is the value of curvature of the indicatrix supported 
by point x (see (2.6)). 

By inducing the angle apinsierian — ^ ■ ctRiemanman we obtain the remarkable equality 

_ 1 

•^Finsleroid space ^Q^Riemannian space 

(see (2.6) and (2.7)). 

At each point x e M, the ratio ARE A-pins\eroid indicatrix/^OLf/ME'Finsieroid proves to 
be of the universal value in each dimension (is independent of /i), so that the ratio is 
exactly the same as it holds in the Riemannian limit (that is, when h = 1). This property 
is lucidly described by the formulas (3.15)-(3.20). 

In Sections 3 and 4 we explain how the sought connection coefficients and the curva- 
ture tensor are obtainable on the basis of the transformation (1.15), provided h — const. 
The connection coefficients involve the >^-transition functions, not being obtainable from 
the Finslerian metric tensor and the first derivatives of the tensor in any algebraic manner. 
The connection coefficients are not symmetric. They are non-linear in general regard- 
ing the ^/-dependence. However, the metricity, that is, the condition that the covariant 
derivative of the Finslerian metric tensor be the nought (see (2.12)), can well be ful- 
filled. The method is to postulate the transitivity of the covariant derivative under the 
^-transformation. Analytically, the transitivity reads (4.9), and is fulfilled when the van- 
ishing (4.4)-(4.5) is postulated. The angle (1.17) is preserved under respective covariant 
displacements: 

(^apinsleroid space = 0, if h ^ COUSt, (1-18) 

where d = dx'^di and (ijaFmsieroid symbolizes the left-hand part of (3.25). 

In this way we are quite able to successfully construct in the Finsleroid space J^^ the 
angle-preserving connection, to be denoted by J^C, by adhering faithfully at the method 

I The Finsleroid-space connection JFC| = X- |The Levi-Civita connection >Cc|, (1.19) 

where CC is the canonical connection in the associated Riemannian space (1.13) (the 
connection coefficients of the CC are the Christoffel symbols a^ij — a^ij{x) constructed 
from the Riemannian metric tensor a^„(x), in accordance with (3.22)). 

In Section 5, we fix a tangent space and consider the tensor kij obtainable from the 
tensor gij by performing the conformal transformation. We observe that the property of 
vanishing the curvature tensor produced by kij is arisen upon fulfilling a simple ODE, 
which can exphcitly be solved to estabhsh the theorem 2.2. 

In Section 6, wc confine the consideration to the ^jF^''^-space, in which the Finsleroid 
is of the axial type; g denotes the characteristic parameter; the upperscript {PD} means 
positive- definite. The connection coefficients are found explicitly. They depend on vectors 
y in a non-linear way in dimensions A^ > 3. In the dimension N — 2, however, the 
connection is linear. The structure of the appeared curvature tensor P/J^ij has been 
elucidated, resulting in the explicit representation (6.77)-(6.78). The square of the tensor 
is given by the simple formula (6.79). 

Since the formula h = a/1 — (l/4)(/^ is applicable in the ^^j^^-Finsleroid space, 
from the universal law (1.16) we may conclude that 



(1.17) 
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Area of the jFjF^-^-Finsleroid geodesic-arc sector 



Area of the Riemannian geodesic-arc sector 



> 1 when ^ 0. (1.20) 



The angle measured by the lengths of geodesic arcs on the indicatrix was found for 
the J-J-'g^-spacc in the work [7,8]. The underlying idea was to derive the angular measure 
from the solutions to the respective geodesic equations. The solutions have been derived 
in simple explicit forms. This angle given by the formula (6.30) can also be obtained from 
the relationship (1.17), because in the ^^^^-space we are able to propose the explicit 
knowledge of the respective X-transformation, which is given by the formula (6.26). The 
involved preferred vector field b^{x) as well as the opposed vector prove to be the proper 
elements of the X-transformation (see (6.28)). 

Our evaluations will everywhere be of local nature. However, there exists a simple 
possibihty to elucidate the global structure of the ^J^^^-Finsleroid indicatrix. Indeed, in 
the ^^^^-Finsleroid space the desired X-transformation (1.15) can be exphcitly given 
by means of the substitution = (^{x,y) indicated in (6.26). Inserting these in 
the associated Riemannian metric S{xX) = a/ cimn{x)C'^C'^ entails the equality (3.7), 
thereby producing the metric function K{x, y) of the JFJFJ'^-Finsleroid space. Let us 

consider the sphere C T^M in terms of the variables (: S^^y := {( G S^'^y : ( G 
Tj-M, S{xX) = !}• The equality (3.7) manifests that the transformation (6.26) maps 
regions of the ^^j^^-Finsleroid indicatrix in regions of the sphere S^^y Also, the direction 
of the Finsleroid-axis vector 6* as well as the direction of the opposed vector —6* are left 
invariant under the transformation (6.26) (see (6.28) and (6.29)). Denoting by (^{^^o^h}^ 
resp. by (^{Sourth}^ ^^le point which is obtained in intersection of the direction of 6\ resp. 
by —6*, with the sphere, we can consider the pointed spheres 

in which the south pole, resp. the north pole, is deleted. The regions 

and Cg.^xj = ^^^S\x} '^^y used to yield two covering charts for the indicatrix; they 
can be characterized by the angle ranges indicated in (6.22). Similarly to the Riemannian 
case proper, we need two charts to cover the indicatrix. In its sense and role, the south 
chart Cg. ^^y is entirely similar to the ordinary Euclidean chart obtainable by means of 
the so-called stereographic projection. Then it can readily be seen that the substitution 
Q — C{x,y) indicated in (6.26) acts diffeomorphically on each the chart: 

C^+}^S}\\ C^'\^S}-1 (1.22) 

g;{x} {x} ' g;{x} {x} V ; 

Thus, for the ^^J'^-Finsleroid space the X-transformation and, therefore, the represen- 
tations of the connection coefficients and the curvature tensor obtained in Section 6, are 
meaningful globally regarding the y-dependence. 

We are also entitled to say that the !F J-g^ -Finsleroid indicatrix is globally isometric 
to the Euclidean sphere of the radius r — 1/h = 1/y^l — {l/4:)g'^. 

Below when mentioning the ^^j^^-Finsleroid space, we shall imply that we work on 

the upper regions C^^^^y, unless otherwise stated exphcitly. The development of extensions 

to regions of C'g.^^j. is, of course, a straightforward task. 

In the Euclidean and Riemannian geometries, an important role is played by the 
spherical coordinates. Their use enables one to conveniently represent vectors, evaluate 
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squares and volumes, study curvature of surfaces, in many cases simplify consideration 
and solve rigorously equations, and also introduce and use various trigonometric functions. 
In the context of the ^^^^-space theory, such coordinates can readily be arrived at. In 
the three-dimensional case, N = 3, they are given by (7.2), entailing the convenient rep- 
resentation (7.11) for vectors as well as the generalized trigonometric functions indicated 
in (7.12). The respective squared linear element ds'^ has been explicitly evaluated to read 
(7.14) which lucidly manifests the conformal-flat nature of tangent spaces as well as the 
validity of the key formulas (2.5)-(2.7). With the help of these coordinates, the equations 
for the arc A{x, h, I2) can explicitly be integrated in the convenient form (7.26)-(7.27), 

In Appendix A, the basic representations of objects of the ^^^^-space are summa- 
rized. In Appendix B, the involved connection coefficients are evaluated. In Appendix 
C, many steps of calculation of the curvature tensor are presented. In Appendix D, 
we evaluate the coefficients which enter the transformation of the curvature tensor into 
the Riemannian space. In the last Appendix E, we show the explicit representation of 
components for the metric tensor of the jFjF^^-spacc in the fixed tangent space. 

We are interested mainly in spaces of the dimension A'^ > 3. The two-dimensional 
case has been studied in the preceding work [9]. 

2. Synopsis of main assertions 

We start with the following idea of specifying the notion of a Finsler space. 

INPUT STIPULATION. A Finsler space T'^ is conformally isomorphic to the Rie- 
mannian space TZ'^: 

T^^K-n^ : {gmn{x,y)} ^ X- {tmn{x,y)) with tmn{x,y) ^ k'^{x,y)amn{x), (2.1) 

where it is assumed that the applied X-transformation does not influence any point x E M 
of the base manifold M. It is also natural to require that the X-transformation sends 
unit vectors to unit vectors: 

^^{x} = X ■ S{x}- (2.2) 

It looks interesting to specify the conformal multiplier to be an algebraic function of the 
fundamental Finsler metric function K = K{x,y) used in J^^ , so that 

k^H{x,K). (2.3) 

The smoothness of class regarding the y-dependence, and of class regarding the 
x-dependence, is necessary to require from the X-transformations. 

Under the above stipulation, the tangent spaces to the Finsler space JF^ are confor- 
mally fiat. At the same time, the space JF^ is not conformal to any Riemannian space, 
unless dk/dK = 0. In terms of local coordinates, the stipulation (2.1) is described by the 
formulas (3.1)-(3.5). 

In Finsler spaces J^^ fuffiUing the conditions (2.1)-(2.3) we can measure the angle 
by the conventional value ^Riemannian used in the Riemannian space TZ^ and obtain in 
the induced angle 

Q^Finslerian ^ ' '-^Riemannian' (2-4) 

Attentive calculations performed in Section 5 result in the following 
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Theorem 2.1. The claimed conditions (2.1)-(2.3) are realized if and only if the 
function k is taken to be 

x=^K^-^ with h^h{x), (2.5) 

where h is a positive scalar. 

The theorem is compatible with the homogeneity, namely we adopt 

Homogeneity condition. Action of the -transformation (2.1) on tangent vectors 
possesses the property of the positive homogeneity of degree h. 

The formulas (3.3) and (3.4) proposed in Section 3 yield the analytical representation 
to the last condition. 

Also, the following theorem can be obtained (see (5.6)). 

Theorem 2.2. Under the conditions formulated in the preceding theorem,, the indi- 
catrix supported by a point x & M is of the constant curvature h'^{x), such that 

"^Finsleroid Indicatrix = C(x) with C{x)^h^{x). (2.6) 

The space of a constant curvature C is realized on the sphere of the radius r = 1/ \/C. 
Therefore, since we adhere at measuring the angle a by the geodesic arc-length on the 
indicatrix, from the above formulas (2.1)-(2.6) we are entitled to conclude the following. 

Theorem 2.3. The simple property 

Q^Finsleroid space ^sj^ ^ Riemannian space 

(2.7) 

is valid for the angle. 

To surely recognize the validity of this theorem, it is sufficient to take a glance on 
the equality (3.9) which represents infinitesimally the squared length of the geodesic arc 
on the indicatrix. 

Inverting the theorem 2.2 can be justified by taking into account the derived formulas 
(5.4)- (5.8), namely the following theorem is fulfilled. 

Theorem 2.4. // the indicatrix supported by a point x & M is a space of constant 
curvature, then the conformal property (2.1) holds at the point x. 

The sought Finsleroid connection 

TC^{NlD\^} (2.8) 

involves the coefficients — N^{x,y) and D^ih — D^ih{x,y) which are required to 
construct the operator 

d,^^ + N^^ (2.9) 

dx' ' dy^ ^ ' 

and the covariant derivative T>i which action in the Finsleroid space is exemplified in 
the conventional way: 

V,W^m = diW^m + D^ihw\ - D\mW''h. (2.10) 
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where w"m = w"'m{x,y) is an arbitrary differentiable (l,l)-type tensor. In Section 4, we 
subject the connection J-'C to the condition that the covariant derivative "Dj obeys the 
transitivity rule (4.9) and that the h entering (2.5) is independent of the points x e M, 
so that h — const. These conditions result in the following assertion. 

Theorem 2.5. When h — const, the vanishing set 

ViK^O, Viy^ = 0, Al/i = 0, (2.11) 

and the metricity 

ViOju = (2.12) 

hold, when the relations 

D\r. = -^. Nl = -DUky'' (2.13) 

are used and the coefficients are constructed in accordance with the explicit formulas 
(3.30)-(3.32). The angle-preserving property (1-18) is entailed. 

The curvature tensor can be explicated from the commutator of the covariant deriva- 
tive (2.10), according to (4. 12)- (4. 18). 

All the above formulas are exphcitly (and brightly!) realized in the ^.F^^-Finsleroid 
space (Section 6), in which the metric function can conveniently be introduced by the 
representation 

K{x,y) = /B(^e-(^/2)9(x)x(x,j;)^ ^2.14) 

where the formulas (6.1)-(6.6) are of value. The scalar x thus appeared possesses the 
lucid geometrical meaning of the azimuthal angle measured from the direction assigned 
by the input vector U[x) (see (6.14)). 

The metric function of the Finsleroid type has been first appeared in the paper [10], 
at but the Minkowskian level. Namely, the consideration in [10] was subjected to the fol- 
lowing assumptions. {Zi) The sought metric function K{y) is positively homogeneous and 
smooth locally of at lest class C*. (Z2) The indicatrix of Kiy) is a surface of revolution, say 
around the direction of the A^-th component y^ of the tangent vector y, in which case it is 
convenient to introduce the representation K{y) — y^V{w), where the generating metric 
function V depends on a single argument w. {Z3) The induced Riemannian curvature on 
the indicatrix is of a constant-curvature type. Treating the condition to be a differential 
equation to find the function V, we can arrive after straightforward calculations (which 
are not short) to the ODE (which is non-linear and of the second order) which governs 
the V. It is a bit surprising but the fact that the ODE can exphcitly be resolved at a 
local level to specify the function V. {Z4) The obtained function V = V{w) should obey 
the requirement that the entailed Finslerian metric tensor be positive definite. The final 
condition is (^5): The indicatrix is closed and regular. The function K{y) obtainable in 
this way, after fulfilling all the conditions {Zi)-{Zr,), is just the Minkowskian version of 
the .F^j^^-Finsleroid metric function K given by the formulas (6.1)-(6.5). 

Thus, from the standpoint of the indicatrix geometry, the ^^^^-space occupies a 
unique position in the class of the Finsler spaces specified by the condition that the Finsler 
metric function K — K{x, y) be of the functional dependence 

K = <^>(^g{x),bi{x),aij{x),y^, (2.15) 
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where g{x) is a scalar, bi{x) is a covariant vector field, and aij{x) is a Ricmannian metric 
tensor. No Finsler metric function allowing for the representation (2.15) can meet the 
requirements that the entailed indicatrix is of constant curvature and the smoothness class 
is attained at A; > 3 regarding the global |/- dependence. Admitting the class results 
uniquely in the ^^j^^-Finsleroid metric function K given by the formulas (6.1)-(6.6). 
This function K when considered on the 6-slit tangent bundle %M :— TM \0\b\—b is 
smooth of the class C°° regarding the global y-dcpcndcnce. 

Owing to the theorems 2.1 and 2.2, the ^^^^-space also occupies the unique position 
when in the above chain (Zi)-(Z5) the condition (Z3) is replaced by the stipulation (2.1)- 
(2.3) with prescription of the dependence (2.15). 

In the J-J-g^-space, the method of Sections 3 and 4 proves to produce the explicit 
and simple representations for the respective connection coefficients and curvature tensor, 
on assuming h = const (which entails g = const because of (6.5)). The success has 
been predetermined by the possibility to write down the explicit coefficients (6.26) of 
the X-transformation. The involved preferred vector field 6'(x) proves to be the proper 
element of the jFjFj'^-space X-transformation. The metricity (2.12) holds fine. The 
obtained formulas (6.30) and (6.60)-(6.62) straightforwardly entail the vanishing (1.18). 

The jFjF^-^-spacc connection coefficients (6.49) involve the fraction 1/q, where q = 
V^mny"''y" with = Ci-mn ~ bmbn- Siucc the input 1-form b is of the unit norm ||6|| = 1, 
the scalar q is zero when y — b. Therefore, we may apply the coefficients on but the 6-slit 
tangent bundle %M := TM \0\b\-b (obtained by deleting out in TM \ all the 
directions which point along, or oppose, the directions given rise to by the 1-form b), on 
which the coefficients are smooth of the class C°° regarding the |/- dependence. 

As we are entitled to conclude from the right-hand part of the representation (6.49) 
of the J^J^g^-space connection coefficients D^mn-, the coefficients are not equal to the 
Ricmannian Christoffel symbols a^mn of the space TZ^ , unless we meet the vanishing 
^nbm = 0, where V stands for the Ricmannian covariant derivative in the space TZ^ . 
The last vanishing means geometrically that the vector field bm{x) is parallel in the space 
7^^, in which case the coefficients I^^mn are equivalent to the coefficients a'^mn- So, we are 
entitled to set forth the following assertion. 

Theorem 2.6. When the involved vector field bm{x) is parallel in the associated 
Ricmannian space TZ^ , the J-'J-'g^ -space connection obtained is equivalent to the Levi- 
Civita connection in the space TZ^ . 

Otherwise the connection coefficients D'^mn a-re nonlinear (regarding the y-dependence) 
in any dimension > 3. 

In the dimension N — 2we always have 77^ = (see (6.50) and (6.51)) and, therefore, 
the connection coefficients D'^jnn are independent of y (see (6.55)), which in turn entails 
the independence of the tensor (6.75) of y. Thus we can formulate the following remarkable 
result. 

Theorem 2.7. The !F!Fg^-space connection obtained is linear in the dimension 

In the J-'J-'g^ -space of the dimension A^ = 3, the arc ) can be described by 

means of dependence of the azimuthal angle x (see (6.4) and (6.14)) and the polar angle 
on the arc- length parameter s (defined by (1-2)). Due attentive consideration performed 
in Section 7 leads to the following assertion. 



10 



Theorem 2.8. In the J-'J-'^^ -space of the dimension N = 3, the geodesic equation for 
the arc A{x, li, I2) can be completely integrated, yielding the following explicit dependence: 

X{s) = ^ arccos (^\J I - h^C^ cos(/i(s - s))^ (2.16) 



and 

- + arctan ( itan(/i(s-5)) ) , if C 7^ 0; = 0, if C = 0, (2.17) 
2 \hC J 

where C, s, are integration constants. 

Using this dependence, we obtain the foUowing theorem. 

Theorem 2.9. The behaviour of the unit vector /* along the arc A{x,li,l2) of the 
{N = 3) -dimensional space TT^^ is governed by the expansion 

l\s) = k^{s)l\ + k2{s% + h{s)b\ (2.18) 

which in addition to the pair /}, I2 involves the Finsleroid-axis vector b\ 

The coefficients ki{s), k2{s), ks{s) are given exphcitly by means of the formulas (7.43)- 
(7.46). 

3. Preliminary observations 

Let the desired >i'-transformation (2.1) of a Finsleroid space JF^ be realized over the 
tangent vectors by means of a convenient diffeomorphic transformation 

y = X-C: y'^y'{x,C)- (3-1) 

Denote the inverse by 

C = X-^-y: C-C{x,y). (3.2) 

In (3.1), as well as in (3.2), it is implied that y e T^M and C £ T^M with the same point 
X e M oi support. The homogeneity condition formulated below theorem 2.1 takes on 
the explicit form 

C(x,7t/) = 7'C(^,2/), 7>0,Vy, (3.3) 

which entails the identity 

iTQ = hC, (3.4) 
where = d(^^/dy^. The transformation (2.1) can be written in the tensorial form 

9mn(x, y) = ^"^Cmi^, y)Ci(x, y)aij(x). (3.5) 

From (3.4) and (3.5) it just ensues that the Finsleroid metric function K{x,y) = 
\/9rany"^y" and the Riemannian metric function S{x, Q = \/amn{x)C''''C"' are connected 
by means of the relation 

K = hxS. (3.6) 
Owing to X = {l/h)K^~^ (see (2.5)), from (3.6) we can obtain the remarkable equality 

{K{x,y))'^'^^ = S{xX). (3.7) 
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The indicatrix property (2.2) is a direct implication of the formulas (3.7) and 

l = K-L: e = y\x,Ly, L = ■ I : V = C{x,l) (3.8) 

(see (3.1) and (3.2)), where T = y'^ / K{x,y) and L' = C/{S{x,() are the respective unit 
vectors which possess the properties K{x, I) — 1 and S{x, L) — 1. From (2.5) and (3.5) it 
follows that 

g„^n{.x, l)drdr = ^aij{x)dL'dU. (3.9) 

No support vector enters here the right-hand part. 

Any two nonzero tangent vectors yi,|/2 G T^M in a fixed tangent space T^M form 
the Finsleroid- space angle 

a{^]{yi,y2) = j^arccosX, (3.10) 

where the scalar 

^^^^fi^^Wr^^ ^^^^ cr = r(^,z/i) and cT = rM, (3.11) 

is of the entire Ricmannian meaning in the space TZ^ . These representations (3.10) and 
(3.11) realize the claimed relation (2.7), with making the choice y/C = h in accordance 
with (2.6). 

Let the Finsleroid indicatrix XT {x} supported by a fixed point x G M be parame- 
terized by means of a convenient variable set -u" (for instance, we can take -u" = C"/C^ 
in regions with Cj^ ^ 0, or n" = y"- /y^ ^ whenever y^ ^ 0. The indices a, b, c. d. e will be 
specified over the range (1, ...,N — 1). Using the parametrical representation /* = l^u"") 
of the indicatrix, where T are unit vectors (possessing the property K{1) = 1), we can 
construct the induced metric tensor 

ia(.(«')= (3.12) 

on the indicatrix by the help of the projection factors = dl"^/du"' (the method was 
described in detail in Section 5.8 of [1]). Applying (3.5) yields the equality 

1~ , , 

lab = (3.13) 

where iabiu'') = amnf^t^ with = t{C,J^ is the Riemannian version of the indicatrix 
induced metric tensor, obtainable when one puts h — 1. We have taken into account 

the fact that the conformal factor x, having been proposed by (2.5), equals l/h{x) on 
the indicatrix. From this standpoint, it is easy to make the search into the curvature of 
the indicatrix. Indeed, since h is independent of the vectors y, the associated Christoffel 
symbols 

. c _}_-ce ( , ^jeb _ diab\ ~ c _ He / dieb Slab 



2 V du'' du" du^ r 2 I du^ du<' du^ 



are equivalent: ia'^h = ia'b- Therefore, the indicatrix curvature tensor 

J c (^^a b dia d ■ e ■ c ■ e ■ c 

-'a bd Qy^d. dvP "^^^ ^ 
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is identical to the tensor la^M constructible by the same rule from the tensor iab, that is, 
h'^bd = ^a%d-_ Let Jisjiow consider the tensors lacbd = iceL^bd and lacbd = iceh^bd- Since 
lacbd = ~{^cbhid — "^cdhib) IS the Ordinary case characteristic of the Riemannian geometry 
(which reflects the fact that the curvature of the unit sphere is equal to 1), we get lacbd = 
— {icbiad — icdiab)/h'^ and, then, arrive at the representation 

lacbd ^ -h^iicbiad-icdiab) (3-14) 

which manifests that the indicatrix curvature is constant and equals h'^ (in compliance 
with (2.6)). 

Also, from (3.13) we have det(iab) = h~'^^^~^^ det{iab)- The area of the indicatrix is 
the volume J ^/det{^ab) dv} ...du^~^ of the internal indicatrix space, where integration is 
performed over all the space. Then we are entitled to conclude that in any dimension N 
and at each point x E M the ratio 

-'^-^-^-'^Finsleroid Indicatrix 1 /o i r\ 

(3.15) 



AREAEuclidean Unit Sphere 

is valid. 

The tensor iab{u'^) is defined on the indicatrix. We can, however, extend the meaning 
of the parameters rt" by homothety to obtain the scalars u"'{y) defined at any point of the 
Finsleroid, using the zero-degree homogeneity u°'{ky) = u°'{y), k > 0, V|/. With their help 
we can obtain the tensor i*ab{y) = iab{u{y)) meaningful at any point of the Finsleroid and 
construct the extended tensor Jab = fAB{u^,u°') with = lii.K as follows: 



fAB = fXs, with = i:„ f:, = o, /*o = i, (s.ie) 

where the sets = {u^,u"'} and = have been used. In terms of the 

parametrization y^ — y"^{u^) thus arisen, it can readily be seen that the tensor f^B 
is the covariant transform of the Finslerian metric tensor gmn' 

QyTTl QyTl 

fAB^Qmn^^. (3-17) 

So, the volume J \J <le\,{gmn) d^y of the Finsleroid when written in terms of the coordinates 
is given by the integral 

Vdet(/AB) du\..du''-^dv!' = j e^"° dv!" j ^det(/*J du\..du''-\ 

in which G {—oo, 0), so that the integral is equal to the 1/A^ multiplied by the area of 
the indicatrix. Whence in addition to the law (3.15) we have the ratio 

\/OL[/M£;pinsleroid 1 ^3 



VOLU M£;Euclidean Unit Ball h^'^ ' 

Therefore, at each point x E M the following law is valid: 

^-R-^^Finslcroid Indicatrix ^-R-^^Euclidcan Unit Sphere 

VOLU ME'Finsleroid VOLU Mil^Euclidean Unit Ball 



when > 3, (3.19) 



and 
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27r 

Indicatrix Unit Circle fi 



= 2, when = 2. 



ARE Apiasleroid ARE AEnclidean Unit Circle — 

h 

(3.20) 

With the help of the derivative coefficients 

C = ^ C =^ v' (3 21) 

it is possible to develop a direct method to induce the connection in the Finsleroid space 
JF^ from the Riemannian space TZ^ . To this end we can naturally use in the Levi- 
Civita connection 

/-•/^ f T m T m \ . jm j m /-i jm m (o oo\ 

— , J-J ij} . Lij — —Li iji^ , Li ij — a ij , yO.Z,Z,) 

with a^ij — a^ij{x) standing for the Christoffel symbols constructed from the Riemannian 
metric tensor amnix). 

First of all, we need the coefficients N^{x,y) to construct the operator di indicated 
in (2.9). It proves fruitful to obtain the coefficients by means of the map 

{TVf } = X • {Lf }. (3.23) 

Namely, starting with the fundamental property of the Levi-Civita connection that the 
Riemannian angle is preserving under the parallel displacements, which in terms of our 
notation can be written as 

d d d \ 

- + L\{x, Cl)^ + L'^ix, (2)^ ttRiemannian space(2;, Cl, C2) = 0, (3.24) 



we want to have the similar vanishing in the Finsleroid space . 
assuming also that the vanishing 

arises after performing the X-transformation of the Riemannian vanishing 

It + ^.n-,C)|,) 5(^,0 = 0. (3.27) 

With an arbitrary differentiable scalar w{x,y), we consider the X-transform 

dW i. dw 

W{x, C) = w{x, y), which entails ^ = y^^, (3.28) 
and postulate that the X-transformation is covariantly transitive, so that 

|i + ^^(-' y)^) -^(-' y)-(^^ + ^'(-^ 0^) ^(-' 0- (3-29) 



14 



Since the field w is arbitrary, the last equality is fulfilled if and only if 

- ^^^^ + VTK- (3.30) 

This is the representation which is required to realize the map (3.23). 
Since the equality (3.30) can be written in the form 



we have 



+ TV-c;^ + a\r.C = 0, (3.31) 



Nn = -VT + ^\nC!^ . (3.32) 

It can readily be noted that the transitivity property (3.29) can straightforwardly be 
extended to scalars dependent on two vectors. Namely, if 

M^(a;, Ci, C2) = w{x, 1/1, 1/2), (3.33) 

then 

where A^f. = A/'f(a;,yi), iV|, = Arf(a;,|/2), = A^(a;,Ci), = ^f('«:C2). The equality 
(3.34) is verified by using (3.31) or (3.32). When this implication is applied to the equality 
(3.10), the Riemannian vanishing (3.24) just entails the Finsleroid-space vanishing (3.25), 
whenever h — const. 

Differentiating (3.5) with respect to y'^ yields the representation 

2Crr^nk = (1 " /i)|//c5r„n + >^'{CmkQ + CCJ% (3.35) 

for the Cartan tensor. Contracting this by results in the equality 

^hQ^kCaij = (1 - h){hkm - him), (3.36) 

where the vanishing CmnkU"' = and the homogeneity identity (3.4) have been taken into 
account. 

Prom (3.11) it follows that 



where amn,i = damn/dx\ and 



crcr + 2a. 



cr + 



dX 



„ Am An 
"'mnSlikS2 



/-m /-n 



A, 



dx^ 



„ Am An 
"'mnS,2fcS>l 



(3.37) 



0'mnC2kC2 



S'ixX2) 

(3.38) 



A. 
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With (3.32) we find 



Nt 



and 



N. 



dX 



OCT 



-A 



(3.39) 



I m /-t 



^mn Cl 



; 



X 



(3.40) 



where the identity y^Ck — has been taken into account. 

The formulas (3.37), (3.39), and (3.40) just entail the vanishing 



9X 



dX 



dX 



dx' ' ' ''dy^, 



= 0. 



(3.41) 



Thus, from (3.10) we may conclude that whenever h — const the angle preservation (1.18) 
holds fine. 

4. Entailed connection coefficients and curvature tensor 

Let us trace the validity of the theorem 2.5 and the involved formulas (2.11)-(2.13). 
Since T>iK — diK, the vanishing diK — indicated in (2.11) ensues from (3.7) and (3.27). 
The second vanishing in (2.11) is tantamount to — —D^i^y^ (because of dy^/dx'^ — 0). 
The third equality entered (2.11) reads 



ll + N^g,, - D%y, = 0. 
Let us differentiate this equality with respect to y". We obtain 



(4.1) 



(4.2) 



By making the choice D'^in — —dN^/dy^ we obtain from (4.2) the metricity 'Digjn — 0, if 



Vh- 



dy'' 



0. 



Prom (3.30) and L>^i„ = -dN^/dy'^ it follows that 

^ + L*y^, + D\,yl - L\kyl = 0. 
Since y'^Q = Sj, the previous identity can be written as 



Sm I j\jh/-s I T s /-t -mh /-s 

dx' 



(4.3) 



(4.4) 



(4.5) 



Can the last vanishing be materialized? 

Let us realize the action of the X-transformation (3.1)-(3.2) on tensors by the help 



of the transitivity rule, that is, 

{w^mix, y)} = >C- {W^^{x, C)} : w^m = vlClW^j, 



(4.6) 
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and define the covariant derivative V in TZ^ according to the conventional Riemannian 
rule: 

and 

ViS^O, ViC' = 0, V,a^n = 0. (4.8) 
Due to (4.4) and (4.5), we have the transitivity property 

Aw'^m = VKL'^iW^j. (4.9) 
Applying the rule (4.9) to the transformation (3.5) of the metric tensor yields 

9mndi ( ^ ) + ^AS-mn = 0. (4.10) 



Thus, the metricity condition V^gjn = holds if and only if diX = 0. 

Applying (2.5) and the vanishing ViK = to (4.10) makes us conclude that the 
following assertion is valid. 

Theorem 4.1. Under the input stipulation (2.1)-(2.3), the covariant derivative Vi 
obtained through the transitivity (4.9) fulfills the metricity condition V^gj^ = if and 
only if 

dh 

_ = : /i = const. (4.11) 

The last condition entails the vanishing (4.3); in the .T^JFj'^-Finsleroid space the 
validity of this implication can explicitly be verified with the help of the representation 
(6.55) derived in Section 6. 

Commuting the covariant derivative (2.10) yields the equality 

{D,D^ - Dp,] w^k = ^""iJ-Qyt - Ek\jw\ + Eh\jw\ (4.12) 

with the tensors 

M\ -.^diN^-djN^ (4.13) 

and 

Ek"^ij := diD"'jk — djD"'ik + D'^j^D^im — D^ikD"'jm- (4-14) 



If the choice D'^in = —N'^in is made (see (2.13)), the tensor (4.13) can be written in 
the form 

= ^ - ^ - N^D-,, + iV^D^,. (4.15) 

By applying the commutation rule (4.12) to the particular choices {K,y"',yk, gnk}, we 
obtain the identities 



ynM^ij = 0, y''Ek\j = -M^,j, y^E^^^ij = M^ij, (4.16) 

and 



Emnij + Enmij — '^C^nhM^ ij with Cmnh — ^ Qyh ' (4-17) 
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Differentiating (4.15) with respect to and using the equahty — —D^iky^ (see (2.13)) 
yield 

The cychc identity 

DkM'^ij + DjM^'ki + AM'^.-fc = (4. 19) 

is vahd, where 

(9M" • c)M'^ - 

DkM\j = + N^-^ + D\tM\j - a%iM\j - a%jM\,. (4.20) 

It proves pertinent to replace in the commutator (4.12) the partial derivative 
dvo'^k/dy^ by the definition 

Shw\ = ^ + C\kw\ - C^hkw'^m (4.21) 

which has the meaning of the covariant derivative in the tangent Riemannian space TZ^x} ■ 
With the curvature tensor 

Pk^ij — ^k^ij ~ M'^ijC'^hk, (4.22) 

the commutator (4.12) takes on the form 

{V,V, - VPi) = M^,-5;,w\ - + y9;,^,w\. (4.23) 

The skew-symmetry 

Pmnij Pnmij (4.24) 

holds (cf. (4.17)). 

5. Specifying the conformal multiplier 

In a fixed tangent space endowed with a Finslerian metric tensor gij produced by a 
Finslerian metric function F, we may consider the conformal transform 

A:,,- = e2%, ip^iPiF), (5.1) 

where ijj = ip{F) is a smooth function, and construct from kij the Christofi^el symbols k^ij, 
which yields k"ij = ^p'kd'j + ip'ljS'l — tjj'l'^gij + C"jj, where the prime means differentiation 
with respect to F and Cnij — {l/2)dgij/dy"'. We directly derive the equalities 



Qym Qyj 

and 



rUlm + 5] - (^'Tl^ + ^'^hl^ - 2C\mC\j - \jm] 



together with 



Qy-m Qyj t3 ^ ^ tm^ i] ^ tj^ 



im 
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The notation [j'm] symbolizes the skew-symmetric terms. We introduce the associated 
tensor 

mj — Qyfn Qyj *™ \'-' J 

and the indicatrix curvature tensor 



J^i mj — ^ tm^ ij ^ tj^ imi 



obtaining 



(5.3) 



and 



Qij) + l/j'l/j'igimhnj - 



where Linmj — knkLi^ rnj and i?,> ^ - d 



Hnmj 



QnkRi'mj- Using the cquaUty /lij = ^fj^ - /^/j yields 



(5.4) 



If the curvature tensor L^^'^j obtained under the conformal transformation (5.1) 
vanishes identically, then because of the known Finslerian identities y'^Cijk = and y'^hij ~ 
the equahty (5.4) would entail the equation t/j"F + ^0' = 0, which solution is 



(5.5) 



where ci > and C2 are integration constants. The result (5.5) permits writing the 
conformal multiplier (2.3) in the form x = {l/ci)F^~^, where we have identified C2 with 
h — 1. This entails that the tensor (l^{x,y)(l{x,y)aij{x) appeared in the right-hand part 
of the Finslerian metric tensor representation (3.5) is positively homogeneous of degree 
2h — 2. The last observation is in agreement with the homogeneity condition (3.3), whence 
we have ci = h. Therefore, the theorem 2.1 of Section 2 is valid. 

If we put L-J^mj = and insert (2.5) into the right-hand part of (5.4), we obtain for 
the indicatrix curvature tensor (5.3) the representation 



P -R-inmj — (1 h ^i^ij^nm him^nj) 



(5.6) 
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which says us that the indicatrix is of the constant curvature h^. Thus, the theorem 2.2 
of Section 2 is fulfilled. 

Inversely, let the indicatrix be of constant curvature, so that 

where C > is the curvature value (and C is independent of the tangent vectors y). 
Inserting (5.7) in (5.4), performing the conformal transformation (5.1), and applying 
(5.5) with the choice of the exponent C2 according to the condition 

(1 + C2f = C, (5.8) 

from (5.4) we obtain the vanishing Li'^mj — 0, which means that the space is conformally 
flat. Therefore, the theorem 2.4 of Section 2 is also valid. 

6. Performing the choice of the J^^j^^-Finsleroid space 

Let us assume that in addition to a Riemannian metric ^J aij{x)y'^y^ the manifold M 
admits a non- vanishing 1-form h — bi{x)y^ of the unit length: 

aij{x)b'{x)b>{x) = 1, (6.1) 

where 6*(a;) = a^^{x)hj{x). The tensor a^^{x) is reciprocal to aij{x), so that a.ija^^'' = 5", 
where 5" stands for the Kronecker symbol. The Finslcroid space is specified in accordance 
with the condition that the metric function K{x,y) is (2.14) with 

B ^b'^ + gbq + q'^ = + h^q^ with A = 6 + ]-gq, (6.2) 

where 
so that 



1 = Vrmny"'y"' and = a^n - bmbn: (6.3) 



a^jix)y'y•' =b^ + q\ (6.4) 
The scalar g{x) obtained through 



h{x) = ^jl- with - 2 < g{x) < 2, (6.5) 

plays the role of the characteristic parameter. The variable x entering the exponential 
representation (2.14) of the ^^j^^-Finsleroid metric function K is given as it follows: 

X = — — arctan h arctan — ),ifo>0; X — t\'^ ~ arctan h arctan — I , if o < 0, 

h\ 2 hb/ h\ 2 hb/ 

(6.6) 

with the function L — q+ {g/2)b fulfilling the identity 

+ = B. (6.7) 

The definition range 
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is of value to describe all the tangent space. The normahzation in (6.6) is such that 

X\y=, = 0. (6.8) 
The quantity (6.6) can conveniently be written as 

X^lf (6.9) 

with the function 

/ = arccos — , (6.10) 

y^(^ 

ranging as follows: 

0</<7r. (6.11) 

The Finsleroid-axis vector 6* relates to the value f — 0, and the opposed vector —6* relates 
to the value f = tt: 

/ = 0~y = 6; f^n y^-b. (6.12) 
It is frequently convenient to represent the function K in the form 

K^VbJ, with J = e-5flx (5 13) 

The normalization is such that 

K{x,b{x))^l (6.14) 

(notice that q — &t y'^ — b^). The positive (not absolute) homogeneity holds: K{x, 77/) ~ 
"yK{x, y) for any 7 > and all admissible (a;, y). 

Under these conditions, we call K{x,y) the J^Tg^ -Finsleroid metric function, ob- 
taining the TJ-'g^-Finsler space 

J^T^"" := {M; a,,(x); 6,(x); g{x)- K{x,y)}. (6.15) 
Definition. Within any tangent space T^M, the metric function K{x, y) produces 

{y e ^Kl) ■■ y e T.M, K{x, y) < 1}. (6.16) 



the !F !Fg^ -Finsleroid 



Definition. The J^J^^^-IndicatrixIJ^^.f^y C T^M is the boundary of the JFJF^^- 
Finsleroid, that is, 

^^gM {y e ^^^t^} ■■ y e T,M, K{x, y) = 1}. (6.17) 

Definition. The scalar g{x) is called the Finsleroid charge. The 1-form h — bi{x)y^ 
is called the Finsleroid-axis 1-form. 

The entailed components yi := {l/2)dK'^ /dy'') of the covariant tangent vector y ~ 
{yi} can be found in the simple form 

yi= {Ui + gqbi)J'^, (6.18) 
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where Ui — aijy^ . 

By making due inspection into the formulas (6.6)-(6.12) it proves convenient to 
separate the tangent space T^M into the unification 

7;m = T^'t^ u (6.19) 

^ 9;W 9;{x} V ; 

of the regions 

^S} {y e T^;Z} e T.M, < / < hn} (6.20) 

and 

T^ilyM {y e T^r^y : ?/ G T.M, (1 - h)n < f < n}, (6.21) 
which depend on value of g. We have the range correspondence 

(1 h 1 " 
— r — 
lb lb 

(6.22) 

The directions involving the Finsleroid axis vector y = b belong to the region (6.20), and 
the opposed cases belong to the region (6.21), that is. 

The intersections 

^i;M-^iM^^^.-M C/]-i^ = T«^nX^-f,^ (6.24) 

yield two covering charts for the indicatrix (6.17). 

It will be noted that, in contrast to b\ the opposed vector —6* is not unit. Therefore, 
we introduce the normalized vector 

= -b' e^»^ (6.25) 

which is unit: it can readily be seen that 

K{x,b^-^x)) = 1. 

In this space the X-transformation (3.2) can be realized in the explicit and simple 

form 

C= hv' + {b + ^gq)b' 



where = y^ — bb^ and x {l/h)K^ ^. Obviously, the right-hand part in (6.26) possesses 
the homogeneity properties (3.3)-(3.4) of degree h. Simple calculation shows that 



det(a= - • (6.27) 



Since v'^ — q — at y'^ — ±6*, from (6.26) it follows that 

C(x, b) = b\x), C(x, &{->) = b^-^'ix), (6.28) 

where the equaUty K{x,b) = 1 (see (6.14)) has been taken into account. Therefore, the 
involved preferred vector field 6'(x) as well as the opposed field b^~^''{x) are the proper 
elements of the TJ^g^ -space H -transformation (6.26), that is, 

{b'{x)} ^ {b'{x)} , {b^'^'ix)} ^ {b^~^\x)} . (6.29) 
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When the substitution (6.26) is apphed, from (3.10)-(3.11) we obtain the TT^^- 
angle 

Q;M(yi,y2) = 7-arccosA with A= — , . , ^. (6.30) 
ri y/B{x,yi) ^B[x,y2) 

where Vi2 = rmn{x)y'^y^. 

If, fixing a point x, we consider the angle a{x} {y, b) formed by a vector y e T^M 
with the input characteristic vector 6*(x), from (6.30) we get the respective value to be 

Oi{x}{y: o)^T arccos = X (6-31) 

\/B{x,y) 

(notice that g = and A = 1 whenever y — b). In terms of the variables C", the last 
formula reads 

1 Cbnjx) 

a{x}{y, &) = ^ arccos -j=^=. (6.32) 

We have 

A^Vb cos{hx), qh^VB sm{hx), (6.33) 
so that the transformation (6.26) can clearly be written in terms of the angle x' 

C - (^^ sm{hx) + V cos(/ix)) K\ (6.34) 

From (6.32) we can conclude that 

a{x}{b^-\b)=^n (6.35) 

which is more than tt whenever g ^ 0- 

Let us verify that the transformation (6.26) obeys the input stipulation (2.1). Dif- 
ferentiating (6.26) leads to 



c = + ^rc^n - -><nr with 



/i(C - bnbn + ( 6„ + ^gv^ ] b" 



xh^ 



(6.36) 
where 

= 9x/9y" = (1 - h)yn^/K\ (6.37) 

and we have used the equality dXnJ/dy^^ = {l/N)Cn (which is a direct implication of the 
formulas (A. 6) and C„ = dhi ( det {gij ) ) / dy^ ) . It is useful to take into account that 

1 



Kv -C , E^b -b J-^^. 



Noting also the vanishing 



where the equality K'^CmC'^ — N'^g'^ has been apphed (see (A. 7) in Appendix A), and 
using the contravariant components g'^'^ written in (A. 12) of Appendix A, we get 
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+ 



amnEl^Ei + hh^h-ElEi - ^{b^y^ + y"'b-)ElEi + ^{b + gq)y"'y-ElEi 
q q Bq 



1 

J2- 



Here, 



a^^E^Ei = h 



J2 



+ 



2q 



We can write 



x^ 2g- 



X" 



2g 



1 



1 

2^^ 



bV— + b'—gC^-h 



1 1 
J X 



q q J X Bq 



or 



2g 



X X2 



X" 



x2 2g- 



X" 



2g 



X" 



so that 



(6.38) 



The metric tensor transformation (6.38) can be inverted to read (3.5). Thus the verifica- 
tion is complete. 

Several interesting relations can be found. First of all, constructing the function 
S"^ = aijQQ with the help of the choice (6.26), applying (6.2) and the identity v^bi — 0, 
we obtain the useful equality 

xh 



B{x,y) ' 



(6.39) 



Also, from (6.26) it follows that 



J 



and 



From (6.39) and (6.13) we can obtain the equality 

hx^{S\x,Of-'^"^"'^ 



(6.40) 



(6.41) 



(6.42) 
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which is equivalent to (3.6). According to (6.13), (6.32), and (6.33), we have 

1 -.K 1 C"fcn(^) 

_ — g2y^ With Y = — arccos — , 



(6.43) 



The indicated formulas allow us to write down the explicit form of the inverse to the 
transformation (6.26), namely we find 

y'^y\x,0 with y^^hU + -{c'-{CK)h')^. (6.44) 

where h can be taken from (6.41). It is possible to find straightforwardly the coefficients 
I/* = dy^ /dC,\ obtaining 



(f.-fr,.c>' + i(^;.-^*-) 



hx 



hS^ 



■0 + ^ 



2h V 



where Cj = %feC ^i^d T — 1/ V^mnC™C") which entails the useful identities 

i _ 1 1 . _ 

In the rest of this section we assume that 
dg 



: g — const and /i = const. 



y\ (6.45) 



(6.46) 



(6.47) 



The right-hand part in (6.26) is such that 

Under these conditions, straightforward calculations with the help of the representation 
(3.32) result in 

Nl = - ((1 - K)h + \gi) la'^Vnbj - (j-^v' - (1 - /i)6^) ^y^Vnbj - a\jy^, (6.48) 

= -dN^/dy'^ (see 



where Vnbj = dhj/dx^ — bka^nj- Evaluating the coefficients D'' 
(2.13)) yields 



where 



((l-/i)6^+^^;^)ia^^V„6, + ^r7VVn&,+ (^t''-(l-M^'') l^nbm+a' 



1 1 



This tensor obeys the nullification 

We can alternatively write (6.48) as follows: 



n 



^'._6y-i(6 + i«,),'. + i(6'-l 



{b + gq)v^ y^ 



(6.49) 
(6.50) 

(6.51) 



Vnbj-a'^njy', (6.52) 
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or 



i-i (ft + y,)) (ft-i(ft + 9,)) + 1 //■ ) ;/ 



By using yk — {uk + gqhkjK"^ / B (see (A. 3) in Appendix A), we obtain 
The subsequent differentiation of the coefficients (6.49) results in 



(6.53) 
(6.54) 



9 



{rtv, + r)^Vm)y'Vnbj + /riv'm^nbi + Vi^nbm). (6.55) 



dy' ^qh^"^"^ '"^^ 2g3/i^-'-"' ' ''^ "'"^^ ' ""^ ' 2qh 

Owing to the identity (6.51), the vanishing y^dD'^nm/dy^ = (see (4.3)) holds true. 
The coefficients (6.48) show the properties 

UkNl^ = -^gqy^Vnbj - Uka'^^jV', bkN^ = ^(1 - h)y^Vnbj - 6fea^,y^ (6.56) 



and 



4& = ^ + b,K = ^y^v„6,, 4g ^ ^ + -v,N'n = -^^(^ + m)y'^nb,, (6.57) 



together with 



^By^Vnbj, dnB = -±By^Vnbj, d^^ = -'^^^By^Vnh- (6-58) 



With the formulas (6.48)-(6.58) it is possible to verify directly the validity of the 
desired vanishing set 

dK 



(see (3.26)), 



(see (4.1)), and 



dx"- 



+ N^gmJ-D^njym^O 



dgtj 
dx-^ 



~l~ 2A^^ Cjnji D njgrai D nigmj 



(6.59) 

(6.60) 
(6.61) 



(see (4.2)-(4.3)). 

With the help of (6.54) and (6.58) the coefficients (6.53) can be transformed to 



= -V 



.dK 



+ [b-^[b + -gq]\n'''-—+\—-- + ^-\Km''y^ Vnbj - hla'njy' 

(6.62) 

(see Appendix B), where = {2/Ng)A^ and Ti.^^ = h^^ — m^m^ = {K'^ / B)rf^ (see 
(A.30)-(A.35) in Appendix A). 

The entailed coefficients = dN^/dy"^ are found as follows: 



A^' 



^ K B " ™ ^ X 



n'^m^^Vnbj 
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+K- 



1 



h J q 



K (\ 



h 



- 1 rriml PS/nbi 



(see (B.5) in Appendix B). They fulfill the equality N^^ = -D'^nm with D^nm 

given by 

(6.49). 

Moreover, with the coefficients Nf given by (6.48) we get straightforwardly the van- 
ishing 



dX{x,yiAj2) 



dX{x,yi,y2) 
dy\ 



+ N, (x, y2) TT-r = 0, when h = const, 

dy^ 

(6.63) 

where A is the scalar indicated in (6.30). To verify the statement, it is worth deriving the 
equality 



dX 



BiV2k + qlhA2 - biA2Vik - vu ( h^vik + [bk+ ^Q—^ik ] M 



1 1 



dyl 

with the counterpart 



Bl^/Bl \/B2 



(6.64) 



dX 
dyl 



B2Vik + qibkAi - b2AiV2k - vi2 [ h^V2k + [bk + 1^9— V2k J ^2 



1 1 



B2yB2yBi 



(6.65) 



where Ai = A{x,yi), A2 = A{x,y2), Bi = B{x,yi), B2 = B{x,y2), qi = q{x,yi), q2 = 
q{x, 1/2), bi = b{x, yi), 62 = b{x, 1/2), together with vu = rin{x)y'^ and V2i = rin{x)y^. Plug- 
ging these derivatives in (6.63) results in the claimed vanishing after attentive couplepage 
reductions. 



It will be noted that 



l^kdX ^^2qf^2 - V12A1 



dy\ BWB1VB2 
Prom (6.30) we have also 

dX 1 fbiQi 62^2 



b''—^ ^2?2^1 -f^l2^2 



dy^ 



S2V Bi V B2 



dg 



2\Bi^B. 



X + 



qiA2 + g2^i - 9V12 
2^/B'i^/B^ 



or 



dX 



dg ^2 



qjA2 , gi^i 



Bi 



5, 



A, 



C^2 - V12 —CTi + —02 



Bi 



B, 
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where 



CTi = -Ai + h^qi = gi + -hi, 02 = -A2 + /i^?2 = ?2 + -^2- 



There arises the equahty 



d\ _ 1 



(6.66) 



(6.67) 



Using the formula (A. 26) of Appendix A, we arrive at 



dX _ 1 
dg h? 



dX 
dy\ 



dX 



where 



q2Kl 



-(72. 



The associated Riemannian curvature tensor is constructed as follows: 



km 



I „u I u I 

' nm"' uk nk"' urn- 



The evaluation of the tensor (4.15) from the coefficients (6.48) gives us 

1 



(6.68) 



(6.69) 



(6.70) 



9_ 
2q 



- (1 - /i)6" y' 



h 



hiat\j - at''ijy\ (6.71) 



or 



nij 



(^{1 - h)h + ]^gq^ ^b^amj + y^am-j 



1 1 
—Hi - -Kmn-ry^b^atiij 
n q tl 



(6.72) 



(see (A.45)), which entails the equalities 



1 



9 



(6.73) 

((A. 8) has been used and the tensor Hkn has been defined in (A. 30)), and 

(6.74) 



1 



The tensor (4.14) is found to read 



El."'- - = 



((1 - h)b, + l^v,)a-' + ^^,V + (j-^v- - (1 - h)b-^ 51 



which entails 



_/i n '"^ _l_ /I " 
^UfjiUf ij T Ilk iji 

(6.75) 
(6.76) 



Obeying the identities (4.16)-(4.18) can straightforwardly be verified. 

The following explicit representation for the curvature tensor (4.22) can be proposed: 



Pk 



mj 



1 K'^ 



(6.77) 
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with 



tij 



hq^ + h\h+ -gq 



b^atiij + (^+ ^gq^ y^atiij 



K 
qB' 



or 



-hq b auij + ( 6 + -gq ] v amj 



K 
qB 



(6.78) 



(see (C.14)-(C.17) in Appendix C). 

With Pjtnij ^® associate the tensor 

^knij _ r,P^ ri^n mi nj ^ 

H — y y ^ ^ Hpqmn- 

We can straightforwardly obtain the contraction 

(see Appendix C). 

We can also find that the tensor 



(6.79) 



Mnij = gnmM" 



^3 



(6.80) 



possesses the simple representation 



B 



Mnij = ((1 - h)b + ^gq^ ^kanij - (^^^n + (1 - h)b^ ^y%atij - atnijV* ■ (6.81 



The identity y'^Mnij — holds. Squaring this tensor leads to the quadratic expressions 
B 



"""^ \ h 



and 



i ((1 - h)b+ b^a^^'^ - ar'y"^ ((1 - h)b+ |g) 6,a„' 



M^'^Mnij = ^^C'ar'C^ahnij 
(as shown in Appendix A); here, = K'^/h^S'^ in accordance with (3.6). 
Using (6.76) together with 

vlCLM'^ij = C\mM^ij + (^-h)^ {y^'gkmM^ij - ykM\j) 

(see (D.4) in Appendix D) reduces the curvature tensor (4.22) to the sum 

Pk^'ij = Vmah'^ijCi: + {^-h)^ {y'^gkmM^ij - ykM\j) . 



ij ^tnijy 

(6.82) 
(6.83) 



(6.84) 



(6.85) 



Make the transform 



where (3.4)-(3.6) and (6.46) have been taken into account. Using (6.74) leads to 



yicrp^j = <^k\j + (1 - h)j^mk - ca,l)cw^j. 



(6.86) 
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Now we contract 



Pi'' Phi = viC^prylQplii. 



so that 



„ tij- I _ .,P/-k^ qij 



ak\, + (1 - h)^{5lXk - CauiXWij 



kij 



a,\, + (1 - h)j^{SrCk - Caki)CWij 



ak\j + (1 - ^)^(<^ra - CakiKWij 



or 



afe^,- + (1 - h)j^{SrCk - CakiXWij 



2afc"'ii ~ (1 ~ h)j^CakiC,^ahij 



1 



2aAi + (l-/i)^5rCfeCV., 



2CWj + (l-/i)^CWj 



The result 



- «n''^a,",, - 2(1 - e)-^^CaI'K'akii^ 



is equivalent to (6.79). 

Let us introduce the object Y^{x, y) — y1{x, C,). We get 

Using here (4.4) and (3.31) leads to 



dx^ 



LYu - D\syl + L\t.yl - vis (NIC + <^\iC) ■ 



Therefore, from the representation M'^ij — —Y^Cj^ahij (see (6.74)) we find the partial 
derivative 



dx^ 
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V^k^u ukC, ) ah ij - r J (, -g^- 
The covariant derivative (4.20) can now be written in the form 



CanceUing here similar terms leaves us with 



^3 



+yt ujfct, Clh ij —Vt^ ~dx^ ~ ^ 

Recollecting the equahties — —U^ijQ and U^ij — aJ^ij indicated in (3.22), we obtain 
simply 

D^M^i^ = -yrC^Vfea^*,,-, (6.87) 

where 

'^kO'hij = Q^f^'' + a^kudh^ij — a^kh^Jij — O.^ ki^h uj — kjO^h iu (6.88) 

is the Riemannian covariant derivative of the Riemannian curvature tensor. 

The cyclic identity (4.19) proves to be a direct implication of the known Riemannian 
identity 

Vka'^ij + VjoJ'ki + V,a",fc = 0. (6.89) 

Using the equality 

gnmvT = (6-90) 

(ensued from (3.5)), we can obtain the tensor (6.80) to read 

Mnij - -x^C'Ca^m^,- (6.91) 
and juxtapose to (6.85) the tensor = QmuPk^ij which is 



where 

Ti nm . 
kn = 



Pknij - Tkn^'^ahmij, (6.92) 

(6.93) 



Since 

DiTkn'''^ = 0, (6.94) 

we have 

DlPknij = Tkn'^'^Viahmij, (6.95) 

together with the cyclic identity 

DiPumj + ^.Pfen;. + D^p^n.i = 0. (6.96) 
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7. ^^^^-space coordinates and angles 

We now fix the tangent space (in accordance witli Appendix E) and clioosc tlie 
three-dimensional case 

AT = 3, RP ^ {R\R'^,R^}. (7.1) 
It is convenient to relabel the coordinates RF as follows: 

R^ =x, R^ = y, R^ = z. (7.2) 

We get 

q = Vx^Ty^, B^x^ + y^ + z^ + gzq. (7.3) 

In terms of such coordinates, the metric tensor components Qpq can be obtained from the 
hst (E.6)-(E.7). The result reads 

911 = (l - ^^zx') J^ 922 = (l - ^^zy') J^ 933 = (l + f + 9q)) J\ (7.4) 

= -^^zxyj\ ,,3 = 923 = f J^. (7.5) 

From the formulas (E.8)-(E.9) it follows that 

= 0- = (l+ = (i-f .)^. (7.6) 

The TTg^-space coordinates {z^} are given by 

z'^K, z'^<t>, z'^x = lf, (7.8) 

where K is the Finsleroid metric function (6.13), (p is the polar angle in the R^ x i?^-plane, 
and X plays the role of the Finsleroid azimuthal angle measured from the direction of the 
input vector U (see (6.32)). The indices p, g, ... will be specified over the range 1,2,3. For 
the vector {i?^} we construct the representation 

R^ = R^{g; z^) (7.9) 

which possesses the invariance property 

K{g;RP{g;z'^))=z\ (7.10) 

The representations 

R^ ^ K Si-ax cos (f), i?^ = KSinxsin^, R^^KCosx, (7.11) 

with 

1 1 / G \ 

Sinx=— sin/, Cosx = j f cos/ - — sin/ j , (7.12) 
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can readily be arrived at, entailing 

q^KSinX: b + ^gq^ ^ cos f, b^KCosx- (7.13) 

The arisen functions Sin x and Cos x can be interpreted as the required extensions of the 
trigonometric functions to the J'-'J'-'^^-space. 

The squared linear element ds'^ — grs{R)dBJ'dW is found to be of the diagonal form 



{dsf ^ {dz^f + {z^^^ 



{dxf + ^sm^hxmf 



(7.14) 



On the other hand, when the components (7.11) are inserted in the ^^^^-angle 
(6.30), the following result is obtained: 

c^{x}{yi, 1/2) = ^ arccos T12, with T12 = cos(/2 - /i) - (1 - cos(02 - 0i)) sin fi sin /2. 

(7.15) 

This T12 does not involve any support vector y. By developing here the infinitesimal 

version, putting Xi = X) X2 = X + dx, 0i = 0, 02 = + d(l), we come to the infinitesimal 
angle da = da^^} which square reads 

{da)' = {dxf + ^ siTi\hx) {d<t>f. (7.16) 
By comparing (7.14) with (7.16) we conclude that 

{dsf = {dz^f + {z^f{daf. (7.17) 

This formula is remarkable because showing us frankly that da is the infinitesimal arc- 
length on the indicatrix (keeping in mind that z^ — 1 holds along the indicatrix). 
The obtained metric (7.14) is of the conformally flat type 

{dsf = K''{dsf with >c=\k^-^. (7.18) 

Euclidean n 

To verify this assertion, it is appropriate to use the substitution z^ — in (7.14), 
which yields 

{dsf = [{dxf + sin^hxmf + {daf] . (7.19) 
Making the coordinate transformation 

p = e^" sin(/ix) , r ^ e^" cos{hx) (7.20) 

leads to (7.18) with 

({dsf) = {dpf + p' sin' {hx){d(j)f + {drf 

V / Euclidean 

and 

x=i(p2 + r2)M/2^ 
The observations can be summarized by formulating the following 
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Proposition. Given an J-'J-'^^ -space of the dimension N = 3. In terms of the 
Finsleroid coordinates (7.2), which directly extend the spherical coordinates applied con- 
ventionally in the tangent spaces to the three-dimensional Riemannian space, the induced 
metric on the indicatrix is of the diagonal representation (7.14). The metric is of the 
conformally flat type as shown by (7.18). 

According to (7.17), the length element on the indicatrix is given by the representa- 
tion 



ds 



which can be used to find the geodesies which are the solutions of the Euler-Lagrange 
equation written by the help of the Lagrangian L — '\/{dx/dty + (l//i^) sin^(/ix)(d0/dt)^, 
where t is an appropriate parameter. Since is a cyclic coordinate, we have 

^sm'{hx^' = C, (7.22) 
where C is a constant, thereafter we get 

^" = A3g.f^ (7.23) 



and 



The prime ' means differentiation with respect to the parameter s defined by (7.21). It 
follows that ^ 

(j^ sin /x'^ = cos fx'x' + ^ sin fx" = cos /. (7.25) 
The equation (7.24) can readily be integrated, yielding the exphcit dependence 

X{s) = i arccos 1 - h'^C'^ cos{h{s - s))^ , (7.26) 

where s is an integration constant. So, 



cos(/ix) = \J I - h^C^ cos{h{s - S)), sin(/ix) = ^1 - (l - h^C^^ cos^ {h{s - 5)), 

(7.27) 

and from (7.22) we get 

(/>' = hC ■ (7-28) 

1- (l-h^cA cos2(/i(s-s)) 

Integrating yields explicitly 

(/)(s) = arctan(itan(/i(s-5)) ) , if (7 7^ 0; = ^, if (7 = 0, (7.29) 
\hC ) 2 
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from which we have 



hC Vl-h'^C^ sin(/i(s-s)) 

cos0= — , , sin0 = 



h?C'^^ COs2(/i(s - S)) ^1 - (^1 - /i2C2^ COs2(/i(s - S)) 

(7.30) 

With these representations, we are able to obtain from the formulas (7.11)-(7.13) the 
explicit behavior of the unit vector components = R^/K, = R^/K, and = R^/K 
along the geodesic arc. The result reads 

e-|9xW/i(s) = Csin(/is), (7.31) 



and 



e-5flxW /2^5) = l^^i-h^c^ sm{hs), (7.32) 

Q-W(') /3(^) _ ^/l~h?d'^ cos{hs) - ^y'l- (l-h^C'^^ cos2(/is), (7.33) 

where x(s) is the function (7.26) and we have put 's — O. 

Given a geodesic-arc A{x, li, I2). Let the left-side vector li correspond to s — Si, and 
the right-side vector I2 relate to a value S2 > Si- From (7.31)-(7.33) we obtain 

e-i^^^i/i = Csin(/isi), ^734^ 



e-^flxi ;2 ^ l^i_/i2C2 sin(/isi), (7.35) 
e-i»>^i /3 _ ^J I - k^C^ cos{hsi) - ^y^l - (^1-/12^2) cos2(/isi), (7.36) 



where 



and 



X. = iarccos^Vl-''^C=-(/..Oj. (7.37) 

e-|9X2;i ^^sin^/^g^)^ (7.38) 



e-iflX2 ;2 ^ l^i_/i2C2 sin(/iS2), (7.39) 

/ 1 



e-^ffX2 h-^c^ cos{hs2) - ^Jl - (l - /i^C"^) cos2(/is2), (7.40) 



where 



X2 = r arccos ( V 1 ~ ^^^^ cos(/iS2) ) , (7-41) 



h 

With the last formulas, the representations (7.31)-(7.33) can be written as follows: 
l\s) = hll + k2ll l\s)=hll + k2ll l\s) = hll + k2ll + h, (7.42) 
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where 



and 



Y = 



sin(/i(s — sij) sm{hs2) sin(/i(s2 + Si)) 



+ 



sin(/i(s2 — Si)) sin(/iSi) sin(/i(s2 — Si)) sin(/iSi) 
sin(/i(s2 — s)) sin(/isi) sm(/i(s2 + Si)) 



ei5(x(^)-xi)^ (7.43) 



sm(/i(s2 — si)) sin(/iS2) sin(/i(s2 — si)) sin(/iS2) 
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59(x(s)-X2) 



1 - - h^C^^ cos2(/is) ei^^(") +A;iW 1 - (l - h'^C'^^ cos2(/: 



(7.44) 
(7.45) 



/iS'ij C2 



SXl 



59X2 



(7.46) 



+ k2^1- (l-/l2C2)cOs2(/lS2) 

Thus we have arrived at the vector representation 

F = + A;2/f + A;35f . (7.47) 
With respect to arbitrary local coordinates x*, we eventually obtain the expansion 

r{s) = ki{s)l\ + k2{s)li + k^{s)h\ (7.48) 



which does involve the vector U in addition to /i, /2. 
The function (7.46) possesses the property 

C=0 ^ r =0 

(at any value of g) . 

Appendix A: Involved J^J^^^- not ions 



(7.49) 



(6.6). 



By K we denote the metric function obtainable from the formulas (2.14) and (6.1)- 



Definition. Within any tangent space T^M, the function K{x,y) produces the 

(A.l) 



TTg^ -Finsleroid 



^K?^} ■■= {y e ^^i;f.j : y e T.M, K{x, y) < 1}. 



Definition. The J^T^^-IndicatnxIJ^^.^^^ C T^M is the boundary of the J^J^^' 
Finsleroid, that is, 



D 



l^gM {y e ^-^S ■■ y e T,M, K{x, y) = 1}. 



(A.2) 



Definition. The scalar g{x) is called the Finsleroid charge. The 1-form h — bi{x)y^ 
is called the Finsleroid-axis 1-form. 
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Wc can explicitly extract from the function K the distinguished Finslerian tensors, 
and first of all the covariant tangent vector y — {yi} from yj :— {l/2)dK^/dy\ obtaining 



Vi = {ui + gqk) 



B 



(A.3) 



where Ui — aijy^ . After that, we can find the Finslerian metric tensor {gij} together with 
the contravariant tensor defined by the reciprocity conditions gijg^^ = Sf, and the 

angular metric tensor {hij}, by making use of the following conventional Finslerian rules 
in succession: 

_ 1 d'^K'' _ % , 1 
'~ 2 dy'dy^ ~ dyi' 
thereafter the Cartan tensor 



hij '■— Qij yiyj ^2 • 



Hjk 



and the contraction 



K dgjj 
2 dy'' 

ain(-y/det(g^n)) 
dy' 



(A.4) 
(A.5) 



can readily be evaluated. 

It can straightforwardly be verified that 



det{gij) 



B 



2\N 



det(ay) > 0. 



(A.6) 



Contracting the components and yields the formula 

A'Ai = 

and evaluating the Cartan tensor results in the lucid representation 



Aijk 



N 



Aihjk + Ajhik + A^hi 



N^g- 



-AiAjAk 



(A.7) 



If we insert (A. 8) into the indicatrix curvature tensor (5.3), we obtain the represen- 
tation (5.6) which manifests that in the J^^^^-space the indicatrix is of constant positive 
curvature (in compliance with (2.6)). 

We use the Riemannian covariant derivative 



where 



(A.9) 
(A.IO) 



are the associated Riemannian Christoffel symbols. 

The associated Riemannian metric tensor aij has the meaning 



1 9=0- 



The following explicit representation is obtained: 

— )bibj UiUj H 

q ' q ' q 



9ij 



g ( , 2 ^'S'^x, , b , ,\ 

[Km )bibj - -UiUj H [biUj + bjUi) j 



~b'' 



(A.11) 
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The reciprocal components (g^^) — (gij) ^ read 



q Bq 



B 



In many cases it is convenient to use the variables 



where rmn = cimn ~ bmbn- Notice that 



' n 



Qyin ' 



and 



— - b dq__Vi, 
dy^ ' 



In terms of the variables (A. 13) we obtain the representations 

^2 



A:. 



yi = (t^j + {b + gq)bi^^, 



(A.12) 
(A.13) 

(A.14) 

(A.15) 
(A.16) 
(A.17) 

(A.18) 



and 



9ij 



9' 



an + -g + 9q)bibj + + - 6^ 



a'J + I. i-bqb'V - q(bV + Vv') + (6 + gq) — 
B \ q 



B 



which are alternative to (A.11)-(A.12). 

We have 

yib' ^{b + gq} — , 



9ijb^ = {bi + 9q^)^, 



9'^ an = 



NB + gq^ 



or 



^2 , h^jV = {bi-bj^)^. 
By the help of the formulas (A. 5) and (A.12) we find 

^i-^9-ibi-j^yi), 



(A. 19) 
(A.20) 

(A.21) 
(A.22) 
(A.23) 

(A.24) 
(A.25) 



38 



and 



or 



together with 



N 1 
N 1 



N K 



{b + gq)y'] , 



q^b'-{b + gqyi 



A% = —gq—. 
2 ^^K 



(A.26) 
(A.27) 

(A.28) 



These formulas are convenient to verify the contraction (A. 7) and the algebraic structure 
(A.8). 

Since 



V V' 



when ^ 



(notice (A. 16)) the components Qij and g'^^ given by (A. 11) and (A. 12) are smooth on 
all the slit tangent bundle. However, the components of the Cartan tensor are singular 
at = 0, as this is apparent from the above formulas (A.24)-(A.28) in which the pole 
singularity takes place at g = 0. Therefore, on the slit tangent bundle the J-'J-'g^ -space is 
smooth of the class and not of the class C^. 
Also, 

A,- := KdAi/dy^ + UA^ = f ^^^^ + J^^^^i (^-29) 

with the tensor 

AjA^ 



It can readily be verified that 



(A.30) 



(A.31) 



(A.32) 



1 



% and Hi ■^(f'^n^^ri -\v^ = r]^. (A.33) 
B 



Hj — y ij 

The last tensor fulfills obviously the identities 

Hijy^ = 0, HijV = 0, 

which in turn entails 

HijA^ = 

because A^ are linear combinations of y^ and 6* (sec (A.26)). We also have 



^1 dTiij dTikA 



Qyk Qy 

together with 



AnA^ 2q 



(A.34) 
(A.35) 

(A.36) 



= 3 



(A.37) 
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The structure (A. 8) of the -space Cartan tensor is such that 

A A',- = j^iAAj + hijAkA'^) = ^(2 A A,- + HijAkA'^), (A.38) 



so that the tensor 



, Ng{2b + gq), 



Tij : — Aij — Aj^Ai j — ^ - Tiij (A. 39) 
obeys the identities 

Tijb' = hjTi = TijA^ = 0. (A.40) 

The tensor 

. — T^a A . _ A.h A _ A h A _ A. h A _|_/ A.. _|_/ A.. 

(A.41) 

can be expressed as follows: 

^ijmn — {'Hij'hCmn "t" 'Him'Hjn ~l~ T~(-inT~Cjrn) j (A. 42) 

showing the total symmetry in all four indices and the properties 

mn 

' ij y 'ijmn 

and 

y '^ijmn — 0, A Tijjjiji 0, 6 Tijmn — 0- (A. 43) 

Evaluations frequently involve the vector = {2/Ng)Ai which possesses the prop- 
erties 

g^^miTrij = 1, y'rui = 0. 

From (A. 24) it follows that 

mi^K-{b,-^yi). (A.44) 

The equahty 

din b 

K—^ = -mnk + gmn-mi Hin (A.45) 

ay" q 

holds. The contravariant components can be taken from (A. 27): 

1 



q'U -{b + gqy , (A.46) 



entailing 

Stu^ 1 
X— ^ = -m„r - gm'm^ - - (6 + gq)'H\. ( A.47) 

It is also vahd that 

dTi''^ h 

= -9^nrW' - I'ni - Vnl + -{mml + m'^Ui,) (A.48) 



and 

B 



K 



— . (A.49) 
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If we introduce the covariant derivative S operative in the tangent Riemannian 
spaces, such that 

KSmm' = + A'mtm\ KSmfrii = - A^m^u 

we obtain 

1,. 1 



KSmm' = -mml'-gm'-mm-^{b+gq)'Hln+j^m* 



A' htm + Athi^ + Amhi - A' At Am 



so that 



Also, with the definition 



we get 



KSmH'^ = K—— + A^'mH'^ + A^'mH'", (A.51) 
KSmH'^ = -I'Hi, - iml, + + \9<l) {mml + m'UQ. (A.52) 



The equahty dK^/dg = MK'^ holds with 



In obtaining this formula we have used the derivatives 

dh__l^ dG 1 ^("^) 1 , g^\ df ^ , b fl 
dg 

Therefore, 



4 ' 9a~/i3' 9q 4j' dq~ 2/1 ^sU^^ 2/1 

(A.54) 



It follows that 



and 



The substitution 



d*K^ MK^-^. (A.55) 



dM _ 2b^ % _ WX 

QyH - B'dy-^~ gBK' ^^'^^^ 



transforms the tensor (6.71) to 

1 \K\.^.A 



M\j = ((1 - h)b + -gq) —n-'-biat'^, - at\,y' 
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+ 



(1 - h)b ( b^'b' + ^V'v'j + ^gq (b%' + ^V'v'] + (-^v'' - (1 - h)b'' ] y' 



-rhatij 



(^{l-h)b+^gq)^n-'^biat\j + 
Applying 



{l-h){ -t;" - b' 



n \ I ^ „,n 



h 



1 

Vi = {Ui + gqh) — , 6'^ = - [KqmJ' + (6 + gq)y''] 



together with 



leads to 



M\ = ((1 - h)b + ^gq) ^Te'^hat' 



+ 



{1-h) l^-^y'^ - [Kqm- + {b + gq)y^]^ +^^""^4 t^^""" + + ^^^^''^ 



y%atij 



or 



-hpat^ijy^ - V"gq^biat\jy\ 



M\j = ((1 - + ^gq) ^n-'\hat' 



{l-h)^ + hgb 



—KmT'^y^iati-i 

B ^ 



+ 



n \ I „„„,n 



5 



-hpa/ijy* - l''gq^-^biat\jy\ 



which is 



(^{l-h)b + ^gq)^m'^kat\,- 



(l-h)- + hgb 



1 



Km''^y%atij 



+ 



ii-h){ ^y" - ^(^ + + ^:^(^ - ^')^") + ^5^" ^ 



5 



h 



y%atij 
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so that 



--h— 

q q ^ 



The result is 

M' 



= ((1 - h)b + ]^gq) ^n^'^hiat'ii - H'tahjy' - ^-Km^^y%iahr (A.58) 



Lowering here the index n leads to the representation (6.72). 
It is also possible to write 



B 



Mnij = ((1 - h)b + ^gq^ ^kaJij - ^v^y^ {{I - h)h + ]^gq^ ^kat 



.t K,u.i..t BAK^. 



-atnijy + Kkatnijy - -^Vnbiat ijy - J^'^-^i^ - bvri)-y biat 



which can be simplified to read 



B 



Mnij = ((1 - h)b + ^gq^ ^kaJij - (^-^Vn + (1 - h)b„^ ^y%at\j - atnijy*. (A.59) 



Also, considering the contraction 



ID 



(^{1 - h)b + ]^gq^ ^bioJ"^'^ ({I - h)b + ^gq^ ^bhUn'^ij - Y'^in^y^at^ij - atnijy 



1 \ 1. 



2q 



-^y'^y'hat''' 

2q h 



{{I - h)b + ^gq^^bittnij - (^-^^n + (1 - h)b,^ ^y%at\j 



{1 - h)-y%a/ij + b^'atnijy^ 
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[{\ - h)b + ^gq^ ^biUnij + - (1 - h)^ ^bny%atij - atnijV* 



= 1 ((1 - h)b + ^qybia^''%an\j - ^ ((1 - h)b + ^q)y''ar%ar,\j + yW'^atnijy' 



leads to (6.82). 

We can start also with (A. 58), observing that 



mj 



((1 - h)b + ^gq) ^W^'^b.au^^^ - H^a^'^'V - -Km^^y%an'''^ 



X 



(d- 



1 \ 1 

(1 - h)b + -gqj -^H^nj^biat ij - Uniatijy^ - -Kmn^y\at 



= ((l-/i)6+^(7g)^^M/.™ [{^-h)b+'-gq)^n'^^biat\,-V!tah,y' 



1 \K\.,,l^ 



(1 - h)b + i^g) \n'^iat\j - Upiat^jv' 



1 ((1 - h)b + i^gj'^fepa/^^- (^a''^ - ^^y'y 



"'^"'^ ^ bitttij 



/ 1 \2 

^2 / ]^ \ (6H — gigj + h^q 
+ah'"'y^'^ (api - bpbi - -^b\bi\ ath^y' + j^y%ah''''y%at\j^ 2— ^ 



B 



■+E 



with 
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1/ IxS/r^ 12/ 1 \ K'^ h 



Thus we obtain (6.82) from new standpoint. 

The contraction can be written in the concise form 



B 



= 0. 



hv'+lb+ ^q) 6' 



ai 



hv'' + 



b + |g) b'^' 



hv' + {b+ -gq)U 



S 



B 



With (6.26) and (6.39), we have 

c = 

obtaining the simple representation 

which is equivalent to (6.83); = K"^ /h^S"^ in accordance with (3.6). 
Also, it is possible to get 



1 



1 



{{l-h)q-^-{b + gq)y-hKw} 



+ {\h + q) m^K^ni^biat\, - K^qm'^nibiat^, 



1 11 

- Yq^ll^i'^tijV' + n^nWij + m^rmnWij - gm^mk--biat\jy' (A.60) 



and 



BEknijE'^'"'' = {KEknij + IkMnij - LMkij) {KE'^^'^ + /'^M-^' - rM^'^) + 2^Mk.,M''^, 

(A.61) 

together with 

EknijE'^'"'' = aknija"^'' + g^j^(^{N - 2)^ + 1^ b'y'atj'^y^'asMj 



g_ 

B 



h-\{b + \gqj^bua^^'^-a^n''y^ 



(A.62) 
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(see Appendix C). 

Let us verify the formulas (A. 45) and (A. 47). 

Upon differentiating (A. 44) we directly obtain the equality 

oy"' K q qK qK 



in which the substitutions 



(A.63) 



and 



can conveniently be used. We obtain 

1 , 1 



drrii 1 ^ 1 
dy'^ K ^ (f' 



Q j^ln - j^q{b + gq)mr. 



rrii 



(A.64) 
(A.65) 



g/s: " ' qK 



:hi 



= -{b + gq)mnmi - mJi - -hin, 
q q 

so that the formula (A. 45) is valid. 

Also, we differentiate (A. 46) and apply 6* = [Kqm^ + {b + gq)y^) /B together with 
v'^ — q {—Kbm' + qy^) / B. We obtain 

dw} 1 2 1 f q \ 1 ( 1 

K—— = -l^m' - -^Vn-m' + -Vnb' - - (bn + -Vn] v' - -{b + gq) [rC^ + ^v'vn 
oy"^ q^ q Q \ Q / Q \ Q 



-Inm' - ^Vn-m' + -Vn^ [qm" + (6 + gq)r] - - ( -^rUn + + -Vn] 
q^ q B ^ ^ q \K K q J 



- - (6 + gq) ^v'vn - - (6 + gq)^ 
Q Q Q 



= -Inm' - — [q'^ln - q{b + 5'g)mJ m' 



+^g^^^n^ [qm' + (6 + gq)r] ~^q{b+gq)m„^ [qm' + {b + gq)l^ ~ {k^'' + ^^'^ 



1 



1 1 



— {b + 2gq)—v'q'—ln + -{b + 2gq)—v'—q{b + gq)mn - -ib + gq)n\ 



q^ K q 



g2 K 
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= -2Z„m' + —q{b + gq)mnni 



2 1 2 1 K 1 

+-q\-B [?^' + + - -T^?(^ + 9(l)mn-^ [qm' + {b + gq)l^ - —rUnv' 

q B q K B K 

--{h + gqyhn + -{b + '29q)\v'^q{b + gq)mn - -(6 + gq)K. 
q IS. q q IS. q 

Making here natural reductions leads to 



dw} 1 •22 

K—— = -2/„m* + -(6 + gq)mnm' + —qHn'm'- - — (6 + 5fg)m„ [gm* + (6 + 5fg)rl 



B 



12 111 1 

--^m„^;' + + gq)^bm% + -{b + 2gq)-^v'—q{b + gq)mn - -{b + 9q)K 



1 1 1 

= -mnf + ~ + g(l)T^nm!' - -{b + '2gq)mnm' - -{b + 5'?)^n- 

In this way the validity of (A. 47) is straightforwardly verified. 
Finally, considering the equality 

^ Qym Qym - m [^ri^ + h^m) 



rriml^ + gm^rrim + "(^ + 9(1)^ 



+171-' 

which is simplified to read 



m 



rrimV + gmPrrim + + ^^)^' 



= -^m^7i^'=-5m^?i^-^m*^7i^-25mWm^-i'=(?i^+m^m^)-F(7i^+m'=m, 



-\-m-' 



mrJ" + gm'^mm + -{b + gq)H 



rrimV + gm^rrim + "(^ + fl'?)'^m 



we can readily conclude that the formulas (A. 48) and (A. 49) are true. 
Appendix B: Representations for connection coefficients 

With (6.53) and (6.54) we evaluate the sum 



f^kj^jk^^ — T^Tk ikATmi _ 90. ^,k^,j\ 



B' 



47 



+ 



coming to the representation 



which is obviously equivalent to (6.62). 

Let us differentiate (6.62) with respect to y"^: 



Vnbj - h'la^jy^ 
(B.l) 



NL - -Ui^ - l'^^ +(b^-]: (b^ + Igv^) ) n'^^W^b, 



h V '2q 



B 



1 _l ^gb 

hq q B 



+ 



1 1 gb 
hq q B 



where 



Zrr,=K 



q-^ h B B^ \ q 



, , 1 i gb 



Apply 



which yields 



Kbm = + Kvm = - ?(& + gq)mr^ 



Zrn = ~ ^(^ + 9q)mm) + -^{q^im " ?(& + gq)mm) + 
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~ {h(2qmm + 2blm) + gqi,qm^ + hl^) + gh{qlm - (6 + gq)m^) + 2{q^l^ - q{b + gq)m^)) 



+/m ( T + -R / ' 

Aig q B J 



or 



r[g^^m - q{h + gq)mm] + ^[g^^m - + gq)mm] + g 



{q + ^6)m^ - hlr 
B 



So we have 



Thus we can write 



, , 1 ^ gb 

+/m ( 7 + ^ 

hq q B 



-^{b + gq) - ^{b + gq) + g 



q + gb 

B 



(B.2) 



nm m 



dx"- 



+ 



qrrim + - (^g"^m + blm + ^g{q^lm - q{b + gq)mm)^ ^ H^^^Vnbj 



+ 



1 



1 



^^^{b + gq)--{h + gq) + g 



q + gb 

B 



mm'ml'y^Wnbj 



1 1 gh 

+ I h — 

hq q B 



y'Vnbj 



CanceUing similar terms leads to 
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+ 



K 



+ b 



+K 



—b - -b 



hq q B 



-rriml' - -{b + gq)n. 



+ ( 7^ - - + Km'VJ>m - 
hq q B 



n"m "'t nm- 



(B.3) 



The equality 



dK K'^ 



(we assume g = const) ensuing from (6.54) and (6.59) can readily be differentiated with 
respect to j/"*, yielding 



dL 



Q^-htma\jP = g[qlm-{b+gq)mJ\—VVnbj^ — -^hl^V ubj+g'^—rrim^W nbj+ka 



or 



81 K a K"^ 

TT-T - ^tmO njl^ = -gbmm — l^V„bj + g — — \/„bm + ka r 

ox^ B KB 

The representation (B.3) takes on the form 



(B.4) 



K ■ q 
-gbrrim^PVnbj + g——Vnbn 



+ 



K 



hq^ q^ 



mmml'PVnbj ~ ^ ( ~ ~ + ^ i mml'"VVnbj 



-K 



-ntPVnbj + f - - + § ] Km''Vnbm - a' 
q \hq q B 
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or 



(B.5) 



By the help of the equahties 



B—b' = isT-m' + :r^y\ -vn? -V = ——V - —V 

q^ q q'^ q K q'^ 



we come to the representation 



q_K^ 
K B 



1 

K 



B 



K fl 



q \h 



- 1 mmn^Vnh -[h-T[b+-9q]] V„6 



h 



1 W Kl 



q q 



-K (hh + gq)--\ -n'^PVnb 
\hq q) q 

which is reduced to read 



^ hq q B 



W^'m^—Vnbj 

JD 



+ 



b fl 

+K— - - 1 rrimm 



q"^ \h 
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(B.6) 



If we write this expression in the form 



^ K B " ™ ^ X 



B 



5 + 



hq q B J b 



and use 



we obtain 



Hij = (rij - \viVj^ ^ and H, 



^ = Ti' ::ViV^, 



K 



—6 - -b 
hq^ q^ 



mrr,.m 









) Vn6m + 
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Taking into account the formula 



K 



mm = —{q^hm - bvm), 
qB 



we arrive at 



qB 



q%rna'"^Vnbi- 



—bvma^^Vnbj 



1 ..k 1 2 



q' qB 



q bmy^Wnbj+ 



1 1 

q' qB 



bVmy^Vnbj 



^ ~ X ^ ^^^)) ^^'"'^'^'^y'^''^^ ~ ~ 1 ^ ^^^)) ^ gq)bmy'^nbj 



+ 



hq^ q^ 



-I 



hq^ q^ 



m. 



^y'PWnbj - ^ - l) mml'P^nbj - 9^^ly'^nbi 



I b 

^ ' hq 



m ^ nm- 



Noting also 



we observe that 



q q 
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1 M 1 



-^v —bvmy^Vnbj 
q'^ qB 



l9_ 
h2q' 



1 /. 1 \\ 1 



hq^ q^ 



B 
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These coefficients fulfill the equahty N^^^ — —D^nm with D^nm given by (6.49). 



Appendix C: Evaluation of curvature tensor 

The substitution ^ 

B q^ 
changes the representation (6.75) to the form 



Ek\j = - ((1 - h)bk + ^^Vk) ^Te'^bmat 



2q 



h n I „ n 

'-'m^'t ij ' Life jj'. 



Noting also the expansion 



5l^nl + bkb' + \vkv\ 

Q 



we obtain 



El/"-- 



-((1 - + \^''i:)^'H"'l'>"'""'-i - f^"" - (1 - '')*") K^b,nat" 



((1 - + + + (|." - (1 - hr) ^.,y- 



h 



bm^t ij 



+h^aiJ'ij + l^liakij 
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-((1 - h)h + \-q''k)^^'''\^marij - (j^v- - (1 - h)b"^ K^brnar 



1 1 

h 



^fc^^p ij ~l~ ^kV'dp ij + I hh^ttp ij + / lilf^l^ttp ij. 

Let us consider the term 

bkv^ - b^Vk + ^v^Vk = 2/" (bk + ^Vk] - (bbk + Vk + ^-bvk ] b"-' 



Q \ Q 

and apply (A.63)-(A.65). We obtain 



bkV^ - b^Vk + {v^Vk = \r {bqrrik + {B - q^)k - g{B - q')mk) + B^{gmk - lk)b" 



Using here 



leads to 



6" = K- [?m" + (6 + gq)r] 
Jd 



bkV^ - + -^v'^Vk = {bqmk + {B - q^)k - g{B - q^)mk) 



+gmk [qm"" + (6 + gq)r] - Ik [qm'^ + (6 + gq)r] = q[rmk + c/m^m" - hm''' 
Therefore, the term 



6fev" - b'^Vk = r(gmfc + bk) - — {b{qmk + bk) + q {qk - {b + gq)mk)) b"" 
can be traced to be 



bkv"" - b'^Vk = r{qmk + blk) - {i^ ' - gq^mu) 6" 



= r{qmk + blk) - {{B - gbq)lk - gq^nik) ^qm'' - {{B - gbq)lk - gq^rrik) ^ib + gq)r 
In this way we come to 



- h^Vk = r(gmfe + blk) - {{B - gbq)lk - gq^mk) -qwJ" 



-lk{b + gq)r + gbqlk^ib + gq)r + gqW^{b + gq)^, 
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or 



bkV^-b^Vk = qrmk-{{B - gbq)k - gq^rrik) ^qm'^ -^kr+gq'mk^{b+gq)r. (C.l) 



It will be noted also that 



Thus we can write 



K. 



katijV^ = gq^biat'-ijV^ 



(C.2) 



Ek\j = - ((1 - h)bk + ^^Vk) ^n^'^b^arij - (j^v^ - (1 - nl^b^arij 



1 11 

—W^y^-bmarij - [rmk + gmkwJ' - lkm'']--b^at"\jy^ 



+ 



1 g(f 1 

qr-ruk - {{B - gbq)lk - gq^mk) —qrinP - -^kV^ + gq^rnk — {b + gq)r 



1 

-^bmarijV* 



B 



Applying the equalities 



7f2 1 

Vi = (m» + gqbi)—, = ;g [^5"^" + + 9q)y"] 



to 



yields 



liKqm^a/ij = - (6 + ^g)^*] a*' 



liBqm^at\j = {ui + gqk) [Bb^ - {b + gq)y^] at\j = [Bb\ - gqbiib + gq)y^] at\j, 
so that 



Wat\j = — — + gqib + gq)] hathjy^ ■ 
Bq 



(C.3) 



So we have 



-Yq^ky'^bma^ij - [rmk + - /fem"]ii6^at"^,2/* 



+ 



^/"mfc - {{B - gbq)lk - gq^ruk) ^qni" + gq^mk^{b + gq)r 



^bmClt^ijy* 
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Bq 



-((1 - h)hk + \l^k)^^'''\hmari^ - (j-v^^ - (1 - 7i^^6„ar^i 



1 11 11 



+HfHlatij + Hfuikm^atij + rri'miHlatij + rri'mkmim^atij. 
The next step is to consider the term 

miKqm^atij = mi [Bh* - (6 + gq)y^] atij 

and use {l/K)qBmi — q%i — bvi — S%i — hui, obtaining 

qBmiqw!at\j = {S% - bui) [Bb' - {b + gq)y'] at^^ = - [buiBb' + S%i{b + gq)y'] at\j, 
so that 

mim^alij = -^kalijy^ . (C.4) 



_91u„i 

The studied tensor takes now the form 



= -((1 - h:)bk + Yq^')^'^'''\bmarij - [j-/^ - (1 - ni^b^a^,^ 



"^^kj^i'^t iiV^ + 1-Cllkl^atij + riiH\.atij 



1 1 

+n'^nlat\j + JV^mkm^alij + rinJ'm{Hiat\j - [Vrrik + ^m^m" - lkm'']--biat\jy^ 



= -(^(1 - + - Trnk + gmkVnJ' - lkm'']^^bia/ijy^ 



Y^y^ - (j^b + 1^ i^i [gm'^ + (6 + <7g)n + /ii^-^ fem" + {b + gq)V 
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Recollecting 



1 1 

{qnik + Wfe), fet'fc = —q {qblk - {B - q^)mk) , 



K 



we can eventually write 

= - ((1 - h){qmk + Wfc) + I (gZfe - (6 + ^g)mfe)) 



Here, 



+H'^lkl^atij + l"'liH\.atij + H]^Hlat ij + T-C^mkm^atij + 'rrf'm{H\.atij 



- [rruk + grnkwl" - lkmJ']^hiat ijy\ 



n I ^'^ nl 

'Hi at ij — <^tiij- 



(C.5) 



The tensor 



Ek\j + ^lkM\, - ^rMk^J = - ((1 - h)q - |(6 + gq)^mu^W''^hiat\ 



- ^hmJ" - qm"" - {b + gq)V 



1 1 T< 

-K- [qm^ + {b + gq)P] Hlkat^ij - ^Hl-hat^jy' + r(«^ + gqbi)-nWij 
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-h)q-^{b + gq)y-hKm' 



K 1 



1 11 

—Hk-^ka/ijy' + HfnWij + rrf-m{HWij - gm''mk--^bia/ ijy^ 



g - |(& + 9q)y - h-[{B - q'W - (b + gq)y'] 



K 1 
mk—T-r -atlij 



+ 



^ Hl\hiat\jy' + rCinWij + m"^[(62 + g^)^^ _ hui\HWij - gm^mk-^xah^y' 



K 

2q ' h^^^^^'^^^ ^ W^k^tij + m"— 
is found in the simple expansion form 



K ' K 



\{q-l{h+9q)y+-[{B-q')h'-{h+gq)y'] 



K 



+ 



hq + g^) h + h{h%i - hui) 



Yq^l\bi''t\jy' + n'lnlat^j - gmJ'mk^^bia/ijy'. 



The contraction 
B 



(C.6) 



(g - f (^^ + ^g) + h\B- q')y - -hih + gq)y' 
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+2- 



q-l{h + 9q))+h\B-q') 



-h{h + gq)h^yUti'^y%'ashij 



1 t s 

~yy 



q-^(b + gq)y + h-(B-q')U 



q-^{b + gq)y + h^iB-q')b'^ 



hq + q^ + hhA 6' - hhy^ 



Hq + g2 + /i52^ _ 



1^ 

^2 ^2 



h%%'yW^y''b'asHij + 2h\^ (^hq + q' + hb') b'y%i'^y%^a,nij 



q^ V 2 



+(7V - 2)-^biat''^y%aAjy^B + g^^biat''^yXas\jy'B + Bh'HiHH'W'aAj 
can be written in the simple form 

{KEknij+hMnij - InMkij) +/*^M"'^' - ^M'"'') = KEknij {K E'''''' M""'' - rM'''^ ) 



kij ' 



(C.7) 



Therefore, 

BEknijE'^'' = (i^^feni,- + IkMnij - LMuj) {KA'^^^ + 1'' M^^^ - rM"^^) + 2^MujM^'^. 



The term Mt.jM'''^ can be taken from (6.82). 

The contraction (C.8) can be written in the alternative form 



(C.8) 
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+ 2 - h)h + |g)6,a"'^^^ - han'^'^y'^ [{{I - h)h + |g)6,a„',,- - hatnijy"^ • (C.9) 
Here, 

T = (hq + q^ + hb^y + (^q^ - + ^g) + h{B - q^)^ - 2h%''B - 2hyB 
= (l&g + + 2 (^bq + q') hb' + h%' 

+ (f - f + g<l)) ' + 2 - + y?)) hb{b + + + 2gbq + /?^) 

-2h%\b^ + gbq + q^) - 2h^q\b^ + gbq + g'), 

so that 

T + 2 (^(1 - + ^ 2(1 - 2/i + /i2)^,2^2 ^ 2^g6(l - /i)?^ + 2(1 - /i2)g4 



-2hWb'' + gbq + q^) 



AbV + 2gqbq' + 4(1 - h')q' - gV + ^^q\2gbq + g\') 



-g^q^hb{2b + gq) + /I'/fe^g' - 2/1252^2 _ 2hWb' + 565). 
Thus we have simply 
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T + 2((l-/i)6 + |g)V 



g^- {2b + gq) + hb 



(C.IO) 



Another coefficient is 

Z ^ {q'-^^qib+gq) + h{B-q'))b+{q'-^-q{b+gq)+hiB-q'))gq+b{^bq + q' + hb') . 
We can follow the steps 

Z - 2q' ((1 - h)b + |g) = -2g2(l - + (q' - + gq) + - g^))^ 



+ 



'-q{b + gq) + h{B - q'))gq + b + q' + hb') 



2q^hb - ^qb{b + gq) + hb\b + gq) + + hb)gq{b + gq) + b (^bq + hb^^ 



-^bq' - y (& + gq)q' + g'hbq' + 2hbB, 



obtaining 



Z - 2q^ ({I - h)b + |g) - 2hbB 



-^(2b + gq)+g'hb. (C.ll) 



The contraction becomes eventually 



EknijE'"''^ = aknija'^'' + ((TV - 2) 1 + l) b'yW'y^'b'a^hij 



+ 



B 



b-^ (^b+^gqUbha^^'^-a\'Y 



. (C.12) 



Now we are to verify the representation (6.77)-(6.78). 
Using (A. 60) together with (6.73) yields 



- [(I -h)q-^{b + gq)y^ - hKw} 



rrik—H"' -^o,tiij 



+ {^b + g) m^K^nl^kat'ij - K^qm^Hlkat^ij 
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1 11 



1 ... 1 



1 11 

-K—qnl"Hlhiatij + U^nlatij + m'^miHiatij - gm'^mk—rbiatijy^ 
Jd q lb 



1 9 



^9 r, 

m 

K2 



( 1 \ K"^ 1 11 

\{\ - h)b + -gqj —H\-hiat\j - Hkiat^jy* - -Kmk-y%at\j 



where (6.72) has been apphed. 
Reducing similar terms leaves us with 



^gqb^ - hKm^ 



K 1 



n Jd 



1 9 



{-hb + \gq) ^7e'l^biat\, - VJlah^y' 



^ 9 n 



( 1 \ K'^ 1 

\^hb + -^T-Ci-katij - Hkiatijy 

Here it is convenient to apply the relation 

K \q^ + 6^ 



which comes from the chain 

qB^^ ' qB 



1 



q^^ [Kqw! + {b + gq)y^] - b^ [-Kbw} + qy^] 



(C.13) 
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By lowering the index, we obtain 



1 1 



^gqb^ - hKrn} 



1 1 

+ -(1 - h)qK-{nimn - Kmk)biat^ij 



+Knlatuj— + m^ 



K 

'B 



^ Km' + —y 



K2 



ruk 



1 9 

m„ 

K2 " 



-hh + ^gq^Hl^^kat^ij - H%iijy^ 
-hb + ^gq^Hi^biatij - H{auijy^ 



~b' 

B ' 



Using the equahty BU = \Kqm}- + (6 + gq)y^\ leads to the following result after a short 
simplification: 



with 



Ptij h)q—b atlij - ^ j ^ ^^^'^ 



(C.14) 



9 1 1 K Ig q n ^ I K 1 g^q^ , 



Inserting the vector 



m' = ^[Bb'-{b + gq)y'] 



leads to 



Ptij = —^(1 - h)q^b^auij \9bq^ ^[^^' " + 9q)y%iij 



(C.15) 



so that 



Ptij — 



9 2 1 K Ig'^q 



V + 6 6 + -gq 



-9q)y^ atlij ^ ■ 



1^1 

h A q 



■[56'-(6 + <7gy]a,,,,^, (C.16) 



1 



:{b + gq)y^atiij - ^q'^y^atiij^, 
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which can be simphfied to read 



hq'^ + bi b+-gq 



Ptij — 



The representation (6.77)-(6.78) is vahd. 
Let us find 



^„nt p ij _ 



hq^ + h\ h -\ — gq 



V+[h + -gq]y' 



" lij 



-6* ( 6 + ^gq^ y^h^anuj - ^v* 



hq^ + h[ h+]-gq 



and 



V + b(^b+ ^gq^ b'+(^b + ^gq^ 



lij 



hv'+(b+ -gq ] 6* 



& + ^gq^ v^atiij hq^ + b{b + ]^gq^ 



b^a* 



hij 



+ 



-hq b auij + {b + -gq ) v atnj 



+ 



-hq b auij + ( 6 + -gq ) v amj 



b+-gq] bb^a'hij 



-hq b atiij + ( 6 + -gq ) v athj 



hv* + {b + ^gq]b* 



v^b^'a^hir 



So we have 



^ ) r'Pj'Ptij = -Bb'bVV'v'auij 



+ h^q%Uuijb^'a\ij 



-2hq%^atiij + (^b + ^gq^ v^auij (^b + ^gq^ v''a\ij. (C.18) 



From (C.14) it follows that 
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2 2 
+—h'^q%^atiijb''a\ij + 



-2hq%^atiij {h + ^^g^ + + ]^gq^ v^atuj 



-b'bV (^a'"" - ^v^'v'^ auij - ^v^v'aj^ (a''' - amj, 



or 



-h^b^auij (^b + ififg^ ^^''a^ftij - /i 



b'auij ( 6 + ^s-g ) + hv^atiij 



V a hij 



ai 



hv^+ (b+^q) b^ 



Inserting here (6.82), we find 



p'''''Pkni,-^'''''^kmJ + 2{-^,-l]B 



hv' + (b+ ^q) b^ 



ai 



hv''+ {b+^q) b^' 



Using 



(C.19) 



hv' + {b + -gq)U 



S 



(see (6.26) and (6.39)), we arrive at the representation 
which is equivalent to (6.87). 



(C.20) 
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Appendix D: Important coefficients 

In processing the involved calculations it is useful to take into account the equalities 

y>n'^i^c,l = - {^c^ - - ^)y^ + v^yTiiEl (D.i) 

(Cjt and are indicated in (6.36)), 

dC^ 111 1 



+ ^CCk - (1 - h)y,^,C + ^C"|^ - (1 - h)g,m^,C' + 2(1 - h)y,y^^^C', (D.2) 



1 



1 



and 



11 1111 11 1 

ym-^^(l - hfykj^y"" - J^y^'^J^y^^^ + (l - h)y"'gkmj^ + 2^y"(l - h)ykymj^, 



together with 



(D.3) 



-CkM\, - (1 - h)yk^M\j + -^-C^M-,,- + -C"5,^M™,, +y"(l - /,)<^,^_M™,,. 



With the help of the formula (A. 8) of Appendix A, the last representation can be 
written merely as 



yXkmM"'^, = C\mM\, + {l-h)—^ {y'^gkmM^, - y^M^,) . (D.4) 



Also, 



J2 



h 



h 



+ (1 - h)bk 



bmyVij. (D.5) 



If we use the representation (6.36) and apply the formulas (A. 24), (A. 25), (A. 29), 
(A. 30), and (A. 33), we obtain 



C =[N^r.-{l- h)—y^\ Cr + [l^C, - (1 - h)—y, ) C + ^^Vn,b-J- 



1 



9_ 
2q 



1 

xh 
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- (1 - h)^^y}l + ^,{1 - h) (i^a - (1 - h)^^y^ y,C 



' K^'N ^ K B2 q 



Simplifying yields the representation 



'h, + ^^C„C,\ C" - (1 - h)(g„, - 21J,)^C 



Q = - (1 - ^)^yn) cr + - (1 - k)l,y,) c + 



from which it follows that 



1 - h 



l-h 



9 um J 



B2 q 



—^-VukV^ly^r+^^Cr^Cky^ly^r-il-h)^^^ 



2 2 11 
^ggNN 



Eventually, we arrive at 



\ \ gb XX 



where 



with 



1 2 2 11 

- (1 - h)r^nk^yly]r - (1 - ^)--^^^r.Ckyly',r. 



Q^^Mh-{l-h)-^Ch 



K 

1' 



(D.7) 
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Using the equalities 



XIX 11 1 1 0^ 



yields 



1 ^ . 9Q ( gT . 1,1 .2 



1 



2qB ^" J 2B VV 



J' 



or 



Here we can apply (6.39), which yields 



9/1 1 \^ 9 1 ^ 



(D.8) 



By means of the transition rule (4.6) the tensor Ek^y can be transformed into the 
tensor L^'^ij :— yKi'Etij of the Riemannian space TZ^ , which yields 



T n n n t 

J^k ij — Wfe ij IktS "ft ij 

with the coefficients = ylylCrs given by (D.7). 

The coefficients (6.45) can be transformed as follows: 



(D.9) 



11-/1 



getting 



hvi + {b + -9q)bi 



hvi + {b+ -9q)bi 



2h^q ' J 



+ 



Bhq 



{h-h')q+^-ib+^-gq) 



^ViV^ + I ^(& + ^gq) -h-9q\ ^^iV^^ (D-io) 



or 



X >c ,^ ^^2qJ'^ K 1 



Vl = ^I'-J - ^mC-"N-J - (1 - h)hmC''"-^'- -^{{l- h)Vm + f 6^) (D.ll) 

which entails 
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Appendix E: Fixed tangent space of the ^^f'^-space 



9 

Let us introduce the orthonormal frame h^{x) of the input Riemannian metric tensor 
aijix): 

= ep,/if/i^«, (E.l) 

where {cpg} is the Euclidean diagonal: Cpg = diagonal(+...+); the indices p.q.... will be 
specified on the range 1, A^; and the indices a, h, ... on the range 1, — 1. Denote 
by Kp the reciprocal frame, so that h^hl = Sf. At any fixed point x, we can represent the 
tangent vectors y by their frame-components: 

= Ky\ (E.2) 

and use the components 

9vq = KKdij (E-3) 

of the Finslerian metric tensor gij. 

In the jFjF^-^-space, it is convenient to specify the frame such that the A^-th com- 
ponent hf (x) becomes coUinear to the input vector field bi{x). Under these conditions, 
the 1-form b reads merely b = z and we have Jf = {0, 0, 1} and bp = {0, 0, 1}. We 
obtain the decomposition HP — {i?", R^}, together with — eadR"'R'^- Also the notation 

R"" = z (E.4) 

will be used. 

In any fixed tangent space T^M we can obtain the covariant components Rp — hpyi 
through the definition 

l dK\g;R) 
" 2 dRP ■ 

With the help of (6.1)-(6.5) we find 

Ra = eabR'J^ Rn = {z + gq)J\ (E.5) 

For the respective Finsleroid metric tensor components 

l d^K\g-R) _ dRp{g-R) 
9p,[9,-ti) ■ 2 dRPdRi dR'i 

we obtain 

gNN{g] R) = [{z + gqf + qV, 9Na{g; R) = gqeabR'^J'', (E.6) 

g^,{g; R) = J^e^, - g^_^^^^^2^ j2 _ (£.7) 
The components of the inverted metric tensor read 

= + = -gqR''^, (E.8) 
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B 



e^^ + giz + gq) 



R'^R'' 1 
q lO' 



(E.9) 



It can readily be verified that 



det(^p,) = J'^ > 0. 



(E.IO) 



The above formulas are valid at an arbitrary dimension N >2. 
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